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Chapter 1

- §={(R,R),(R,G),(R,B),(G,R), (G, G),(G,B),
(B,R),(B,G), (B, B)}

The probability of each pointin Sis 1/9.
- §={(R,G),(R,B),(G,R),(G,B),(B,R),(B,G)}

. S={(ey,eo,...,en), n > 2} where ¢; € (heads, tails}.
In addition, ¢, =e,_1 = heads and fori=1,...,n —
2 if e; =heads, then ¢;, 1 = tails.

P{4 tosses} = P{(t,t,h,h)} + P{(h,t,h,h)}
1 1
= 2[2] =38
. (@) F(EUG)® = FE°G*
(b) EFG*
(c) EUFUG
(d) EFUEGUFG
(e) EFG
() (EUFUG) = EF°G*
(8) (EF)(EG)(FG)*
(h) (EFG)*

%. If he wins, he only wins $1, while if he loses, he

loses $3.

. If E(F UG) occurs, then E occurs and either F or G
occur; therefore, either EF or EG occurs and so

E(FUG) c EFUEG

Similarly, if EF U EG occurs, then either EF or EG
occurs. Thus, E occurs and either F or G occurs; and
so E(F UG) occurs. Hence,

EFUEG C E(FUG)

which together with the reverse inequality proves
the result.

10.

11.

12.

If (E U F) occurs, then E U F does not occur, and so
E does not occur (and so E€ does); F does not occur
(and so F¢ does) and thus E° and F¢ both occur.
Hence,

(EUF)* C E°F¢

If E°F° occurs, then E€ occurs (and so E does not),
and F€ occurs (and so F does not). Hence, neither E
or F occurs and thus (E U F)° does. Thus,

E°F* c (EUF)
and the result follows.

1> P(EUF) = P(E) + P(F) — P(EF)

F = EUFES, implying since E and FE are disjoint
that P(F) = P(E) + P(FE)".

Either by induction or use
@Ei = Ey UESE, UESESE3 U -+ UES -+ ES_,E,

and as each of the terms on the right side are
mutually exclusive:

P(UE;) = P(E1) + P(E{Ez) + P(ETESE3) + -
+ P(ES---ES_En)
<P(Ey) + P(E3) + -+ + P(E,) (why?)

=l a7
) 36
P{sumisi} = 13—
—, i=38,...,12
36

Either use hint or condition on initial outcome as:
P{E before F}
= P{E before F | initial outcome is E}P(E)
+ P{E before F | initial outcome is F}P(F)
+ P{E before F | initial outcome neither E

or F}[1 — P(E) — P(F)]



Answers and Solutions 5

1-P(E) + 0- P(F) + P{E before F}
= [1-P(E) - P(F)]

P(E)

Therefore, P{E before F} = P(E) + P(F)

13. Condition an initial toss

12
P{win} = 2 P{win | throw i} P{throw i}
i=2

Now,
P{win| throw i} = P{i before 7}
0 i=2,12
i—1
=3,..6
N
1 i=711
13 —i
19-1 =810
where above is obtained by using Problems 11
and 12.

P{win} =~ .49.

o0

14. P{Awins} =Y P{A wins on (21 + 1)st toss}
no=00
=Y (1-P>*P
n=0
[e.e]
=P Y [(1-P7I"
n=0
o
1-(1_P)y
P
- 2P p2
1
T 2-P
P{B wins} =1 — P{A wins}

1P
2P

=P

16. P(E UF)=P(E UFE")
=P(E) + P(FE®)
since E and FE° are disjoint. Also,
P(F) = P(FE U FE°)
= P(FE) + P(FE®) by disjointness
Hence,

P(EUF) = P(E) + P(F) — P(EF)

17. Prob{end} =1 — Prob{continue}

18.

19.

20.

=1-P({H,H H}U{T,T,T})
=1—[Prob(H,H, H) + Prob(T, T, T)].

S 111 111
Fa1rco1n:Prob{end}=1—[2~2-2+2-2-2]
3
T4
: : 111 333
Biased coin: P{end} =1 — {4 11 + 11 4]
9
T 16

Let B = event both are girls; E = event oldest is
girl; L = event at least one is a girl.

_P(BE) _P(B) _1/4 1
@ PBIE) =5 = ey = 12 = 2

~

. 1 3
(b) P(L)=1—P(1rlog1rls)=1—2=Z

P(BL) P(B) _1/4 _

1

PBIL)= —F=—"2= =_

(BIL) P(L) P(L) 3/4 3
E = event at least 1 six P(E)

_ number of waystogetE 11
~ number of sample pts 36

D = event two faces are different P(D)

=1 — Prob(two faces the same)

. 6 5 _P(ED) 10/36 1
=13 =6 EID = PD) ~ 5/6 3

Let E = event same number on exactly two of the
dice; S = event all three numbers are the same;
D = event all three numbers are different. These
three events are mutually exclusive and define the
whole sample space. Thus, 1 = P(D) + P(S) +
P(E),P(S)=6/216=1/36; for D have six possible
values for first die, five for second, and four for
third.

.. Number of ways to get D = 6-5-4 = 120.
P(D)=120/216 = 20/36

. P(E)y=1—-P(D)—P(S)

120 _1_5
T3 36 12
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21. Let C = event person is color blind.
P(Male|C)
P(C|Male) P(Male)

~ P(C|Male P(Male) + P(C|Female) P(Female)

~ 05 % 5
T .05x.5+.0025 % .5

2500 20
T 2625 21

22. Let trial 1 consist of the first two points; trial 2 the
next two points, and so on. The probability that
each player wins one point in a trial is 2p(1 — p).
Now a total of 211 points are played if the first (2 — 1)
trials all result in each player winning one of the
points in that trial and the n™ trial results in one of
the players winning both points. By independence,

we obtain

P{2n points are needed }
=@pA-p)" PP+ 1 -pP), n=1

The probability that A wins on trial n is
(2p(1—p))"~'p? and so

P{Awins} =p* § @pd —p)"!
n=1

p2

T 1-2p(-p)

23. P(E{)P(E,|E1)P(E5|E1Ep) - - P(E,|E1---Ey—1)

P(E,Ep) P(E,EoE3)  P(Ep---En)

= P(Ey)

P(E;) P(E\E)  P(E;---E,_1)

= P(E; -+ En)

24. Leta signify a vote for A and b one for B.

(@) Pp1 =P{a,a,b} =1/3

(b) P31 = P{a,a} = (3/4)(2/3) = 1/2

(c) P3p=P{a,a,a} + P{a,a,b,a}
=(3/5)2/[1/3 + (2/3)1/2)] =1/5

(d) Py; = P{a,a} = (4/5)(3/4) = 3/5

(e) Pyp=P{a,a,a} + P{a,a,b,a}
=(4/6)(3/5)[2/4 + (2/4)(2/3)] =1/3

25.

26.

27.

(f) P43 =P{always ahead|a,a}(4/7)(3/6)
=(2/7)[1 — P{a,a,a,b,b,bla,a}
—P{a,a,b,bla,a} — P{a,a,b,a,b,bla,a}]
= /7)1 - (2/5)G3/H2/3)1/2)
— (3/5)2/4) - (3/5)(2/4)(2/3)(1/2)]
=1/7
(8) P51 =Pfa,a} = (5/6)(4/5) =2/3
(h) Psp=P{a,a,a} + P{a,a,b,a}
= (5/7)4/6)[(3/5) + (2/5)3/4)] =3/7

By the same reasoning we have

(i) Ps3=1/4

(G) Psa=1/9

(k) Inall the cases above, Py, = —_
n+n

(a) P{pair} = P{second card is same
denomination as first}

=3/51
(b) P{pair|different suits}
_ P{pair, different suits}
- P{different suits}
= P{pair}/P{different suits}
3/51

4\ (48 52\ 39-.38.37
P&y = <1> (12) / <13) ~ 51-50-49
3\ (36 39\ 26-25
P(Ey|E1) = (1) (12) / <13> ~ 3837
P(ES|E1Es) = (f) (f‘z‘) / (fg) _13/25

P(E,|E1E2E3) = 1

39.26-13
P(E{ExE3Ey) = 51.50.49

P(E)) =1
P(E3|E1) = 39/51, since 12 cards are in the ace of
spades pile and 39 are not.

P(E;|E1Ep) = 26/50, since 24 cards are in the piles
of the two aces and 26 are in the other two piles.

P(E4|E1E»E5) = 13/49

So
P{each pile has an ace} = (39/51)(26,/50)(13/49)
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28. Yes. P(A|B) > P(A) is equivalent to P(AB) >
P(A)P(B), which is equivalent to P(B|A) > P(B).

29. (a) P(E|F) =0
(b) P(E|F) = P(EF)/P(F) = P(E)/P(F) >
P(E) = .6
(c) P(E|F) = P(EF)/P(F) = P(F)/P(F) =1

30. (a) P{George|exactly 1 hit}
_ P{George, not Bill}
~ P{exactly 1}
P{G, not B}

~ P{G, not B} + P{B, not G)}
_ (4)(.3)
—(4)(3) + (7)(.6)
=2/9

(b) P{G/hit}
= P{G, hit}/P{hit}
= P{G}/P{hit} = 4/[1 — (3)(.6)]
—20/41

31. LetS = event sum of dice is 7; F = event first
die is 6.

1 1 _ P(F|S)
P(S) = cP(FS) = 3. P(FIS) = o 5

C1/36 1

T 1/6 6

32. Let E; = event person i selects own hat.
P (no one selects own hat)

=1-P(E1UEU---UE;)

=1- ZP(Eil)— Y P(EiyEip) + - --

i1 <ip

+ (=1)""'P(E 1 E2Ey)

=1- P(Ei)— Y, P(Ei1Ei)
11 11<ip
— Y P(EiEirEiz) + - -
i1 <ip<i3
+ (=1)"P(E{EzEy)

Let k € {1, 2, ...,n}. P(Ei; El; Eiy) = number of
ways k specific men can select own hats +
total number of ways hats can be arranged
= — k)!/n!. Number of terms in summation
i <ip<-.<i, = number of ways to choose k vari-

ables out of n variables = {Z} =n!/kl(n — k)!.

33.

34.

35.

36.

37.

Thus,
Y P(EiiEi;-- - Eiy)
i< <y
_— (n—k)!
h<<i M
[ n] =k 1
Tk n k!
.. P(no one selects own hat)
11 1 L1
R U T I A
11 21

Let S= event student is sophomore; F = event
student is freshman; B = event student is boy;
G=event student is girl. Let x= number of
sophomore girls; total number of students =
16 + x.

10 10 4
P(F) = P(B)= ———P(FB) =
(F) 16+x() 16+x() 16 + x
= P(FB) = P(F)P(B) =
16 + x (FB) (F)P(B) 16 + x
10
T

Not a good system. The successive spins are
independent and so

P{11%" is red|1st 10 black} = P{11% is red}

18
:P = —
-5
(@ 1/16
(b) 1/16
(c) 15/16, since the only way in which the
pattern H, H, H, H can appear before the pat-
tern T,H, H, H is if the first four flips all land
heads.
Let B = event marble is black; B; = event that box

i is chosen. Now
B =BBj UBB,P(B) = P(BB;) + P(BB,)
= P(B|B)P(B,) + P(B|B,)P(B,)
2.1 7

11,217
22 32 12

Let W = event marble is white.
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P(W|B1)P(By)
P(W[B1)P(By) + P(W|B2)P(By)
11 1
__ 22 _ 4
11 11 5
22732 12

P(By|W) =

3
5

38. Let Ty = event transfer is white; Ty = event trans-
fer is black; W = event white ball is drawn from

urn 2.
P(W|Tw)P(Tw)
POWIW) = S T)P(Tw) + POV T3)P(T5)
2 4
__ 73 _21_+4
2 2 1 1 5 5
73773 21

39. Let W = event woman resigns; A, B, C are events
the person resigning works in store A, B, C, respec-

tively.
P(C|W)
_ P(WIC)P(C)
~ P(W[C)P(C) + P(W|B)P(B) + P(W|A)P(A)
100
_ .70 x 75
100 75 50
_ 70 10 1
T 225/ 225 2

40. (a) F= event fair coin flipped; U= event two-
headed coin flipped.
P(H|F)P(F)
P(H|F)P(F) + P(H|U)P(U)
11
2

P(F|H) =

P(HH|F)P(F)
P(HH |F)P(F) + P(HH|U)P(U)
11
2

(b) P(F|HH) =

| Uljoe| =
Ul

(c) P(F|HHT)
B P(HHT|F)P(F)
~ P(HHT|E)P(F) + P(HHT|U)P(U)
_ P(HHT|F)P(F)
~ P(HHT|F)P(F) +0 _

since the fair coin is the only one that can show
tails.

41. Note first that since the rat has black parents and
a brown sibling, we know that both its parents are
hybrids with one black and one brown gene (for
if either were a pure black then all their offspring
would be black). Hence, both of their offspring’s
genes are equally likely to be either black or brown.

(a) P(2black genes | at least one black gene)

_ P(2 black genes)
~ P(at least one black gene)
1/4
(b) Using the result from part (a) yields the follo-
wing:

P(2 black genes | 5 black offspring)

__ P(2black genes)
- P(5black offspring)

B 1/3
-~ (1/3) + (1/2)°(2/3)

=16/17

where P(5 black offspring) was computed by con-
ditioning on whether the rat had 2 black genes.

42. Let B= event biased coin was flipped; F and U
(same as above).

P(U|H)
_ P(H|U)P(U)
- P(H|U)P(U) + P(H|B)P(B) + P(H|F)P(F)
1 1
_ '3 _3 _¢4
1 31 11 9 9
13713723 1

43. Leti= event coin was selected; P(H|i) = i.

10
5 1
P(H|5)P(5 10 10
PGIH) = 10( 5PG) _ 10101 101
2. P(H)P() BT
i=1 =10 10
5 1
T 1
>i



44.

45.

46.
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Let W = event white ball selected. and so,
_ P(WIT)P(T) 1
P(T|W) = P(W|T)P(T) + P(W|H)P(H) P{A to be executed|X = B} = 3
11 i
- =5 Bt Similarly,
“1 1,5 137 1
52712 2 P{A tobe executed|X =C} = =

3

and thus the jailer’s reasoning is invalid. (It is true

_ th . . th
Let B; = event i™" ball is black; R; = event i ball that if the jailer were to answer B, then A knows

is red. that the condemned is either himself or C, but it is
P(R,|B1)P(B1) twice as likely to be C.)
P(B1|Rz) =
P(Rz|B1)P(B1) + P(R2|R1)P(Ry)
. b 47. 1. 0<P(AB)<1
_ b+r4+c b+r _ P(SB) _ P(B) _
- r b L7 +c r 2. PGB = P(B) ~ P(B)
b+r+c b+r b+r+c b+r 3. For disjoint events A and D
rb
= P((AUD)B
b+ (r + O)r P(AUD|B)=%
b
- _ P(ABUDB)
P(B)
Let X(=B or =C) denote the jailer’s answer to _ P(AB) + P(DB)
prisoner A. Now for instance, a P(B)
P{A to be executed|X = B} = P(A|B) + P(D|B)
_ P{Atobe executed, X = B} Direct verification is as follows:
P{X =B} P
_ P{Ato be executed} P {X = B|A to be executed} P(AIBC)P(C|B) + P(A|BC)P(C”|B)
P{X = B} P(ABC) P(BC) ~ P(ABC®) P(BCF)
_ (1/3)P {X = B|A to be executed} = PBC) P(B) P(BCY) P(B)
1/2 '
/ P(ABC)  P(ABC®)
Now it is reasonable to suppose that if A is to be = P(B) P(B)
executed, then the jailer is equally likely to answer
either B or C. That is, _ P(AB)

~ "P(B)

1
P{X = B| A to be executed} = 5 _ P(A|B)



Chapter 2

cea-[]/[2]- 4

2. —n-n+2-n+4,.,n—2,n
1
3. P{X:—Z}:izP{X=2}
P{X =0} =+
]

4. (@) 1,2,3,4,56
() 1,2,3,4,5,6
© 2,3,..,11,12
d) —5,-4,...,4,5

\ =

5. P{max =6} = 36 = P{min =1}
P{max =5} = i = P{min = 2}
P{max =4} = % = P{min = 3}
P{max =3} = 32 = P{min = 4}
P{max =2} = iZ = P{min = 5}
P{max =1} = 1 = P{min = 6}

6. (H,H,H,H,H), p5 ifp = P {heads}

7. p(0) = (.3)° =.027
p(1) = 3(.3)*(.7) = .189
p(2) = 3(.3)(.7)* = 441
p(3) = (7)> = .343

5. p0)=5, p=3
9. pO)=5 PO=15 PD=;
PO =15 P69 =15

10

10.

11.

12.

13.

14.

15.

16.

17.

|

(VB
1

P{X =0} =P{X =6} = Héz

64
11° 6
P{X:l}:P{X:S}:é[z] ==
6111° 15
6] [11° 20
reen-[g B -2
P{X =k}
PX=k—1)
I s 51 LA A
T ES = Ol
_n— k+1 p
Tk 1-p
Hence,
P{X =k}

>1lem—k+1)p>k1-
~m+p >k

P{X=k—1}

The result follows.

1 — (.95)°% — 52(.95)°1(.05)

n!

Follows since there are o
1

objects of which x; are alike, x, are alike, .

alike.

11

SIENERIEIE Rt

p)

TR permutations of n



18.

19.

20.

21.

22.

23.

24.

25.

26.

Answers and Solutions 11

Follows immediately.
P{X)+ -+ Xy = m}

- m] 1+ + )" P + - )"

50 111273721 .
21112 {5] [10] {2] =0

(o~ - T T

1

32

In order for X to equal n, the first n — 1 flips must

have r — 1 heads, and then the nth flip must land
heads. By independence the desired probability is
thus

n—1 r— n—r
Ll]p " —p)"

It is the number of tails before heads appears for
the " time.

A total of 7 games will be played if the first 6 result
in 3 wins and 3 losses. Thus,

P{7 games} = (2) P —py

Differentiation yields

d
g 71 =20 (31— p)* —p?31 - p)?]
=60p*(1—p)* [1 — 2p]

Thus, the derivative is zero when p = 1/2. Taking
the second derivative shows that the maximum is
attained at this value.

Let X denote the number of games played.
(@ P{X=2}=p"+(1-p’

P{X =3} =2p(1—-p)

EIX]=2{p? + (1 —p?} +6p(1 —p)

=242p(1—p)
Since p(1 — p) is maximized when p = 1/2, we
see that E[X] is maximized at that value of p.

(b) P{X=3}=p’+(1-p)
P{X =4}
= P{X =4, Thas 2 wins in first 3 games}
+ P{X =4, Il has 2 wins in first 3 games}

=3p*(1—p)p +3p( —pP(1 —p)
P{X =5}
= P {each player has 2 wins in the first
4 games}

=6p* (1 —p)?
E[X]=3 |p>+ (1=p)’| + 12p(1 —p)
PP a=p?| + 30p2a - pp?

Differentiating and setting equal to 0 shows
that the maximum is attained when p = 1/2.

27. P {same number of heads} = 3" P{A = i,B = i}
-3 (F)arr (") 0y
() (7o
=3 (k) ("o
~ (1) anr

Another argument is as follows:
P{# heads of A = # heads of B}
= P{# tails of A = # heads of B}

since coin is fair

= P{k —# heads of A = # heads of B}
= P{k = total # heads}

28. (a) Consider the first time that the two coins give
different results. Then

P{X =0}=P{(t h)|t h)or (ht)}
_pd=p _1
2p(l—p) — 2
(b) No, with this procedure
P{X =0} =P {firstflipisatail} =1—p

29. Each flip after the first will, independently, result
in a changeover with probability 1/2. Therefore,
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30.

32.

33.

34.

35.

36.

37.

Answers and Solutions

P {k changeovers} = <n ; 1) (1/2)"1 38. ¢c=2

PX=i} _ et 39, E[X]:%
PiX=i-1} AN/ - 1)! - 40. Let X denote the number of games played.
Hence, P{X = i} is increasing for A > i and PIX =4} = p4 LA P)4

decreasing for A < i.
P{X =5}=P{X =5, I wins 3 of first 4}
(a).394 (b).303 (c).091
+ P{X =5, Il wins 3 of first 4}

1
o[ (1-)ix=1 =4p’(1—p)p + 4(1 - p)p(1 ~ p)
-1
3 1 P{X =6} =P{X =6, I wins 3 of first 5}
C[x:s] 7121 + P{X =6, Il wins 3 of first 5}
3
=3 =10p°(1 —pl’p + 10p*(L - p)*(L - p)
3 /1 X P {X =7} = P{first 6 games are split}
F)=7 [ a-xdx s
- =20p°(1 —p)
3 v’ 2]
=—ly—=+3|, -1<y<1 /
4{3/ 373 Y E[X]=Y iP{X =i}
i=4
2
C/ (4x _ 2x2>dx _ Whenp =1/2, E[X]=93/16 = 5.8125
0
c(2x% — 2x3 /3)=1 41. Let X; equal 1 if a changeover results from the ith
flip and let it be 0 otherwise. Then
8c/3=1
n
3 number of changeovers = Y X;
c=< =2
8 1
1 3\ 3 32 As,
Pe-<X<Ztp=2 4x —2x%)d
{2 2} 8/1/2 (x x) * E[Xi]=P{X; =1} = P{flipi — 1 # flip i}
_n =2p(1-p)
16
we see that
P{X>20}—/009dx—1 z
o X272 E[number of changeovers] = Y E[X;]
i=2
area of disk of radius x )
<x}= =2(n—1)p(1 —p)
PAD < 2} area of disk of radius 1
X2 5 42. Suppose the coupon collector has i different types.
=5 =F Let X; denote the number of additional coupons
collected until the collector has i + 1 types. It
P{M < x} =P {max(Xy, ..., X,) < x} is easy to see that the X; are independent geomet-

ric random variables with respective parameters
(n—1i)/n,i=0,1,...,n — 1. Therefore,

:nPXZ- n—1
g {Xi <x} Z;)Xi

:xn

n—

n—1 1
=Y YIXil= Y n/tn—i)
i=0 i=0

fmx) = %P (M < x} =nx""1 = "% 1/]



43.

44.

45.

Answers and Solutions 13

(a) X=ixi

i=1
(b) E[X;]=P{X;=1}
= P{red ball i is chosen before all n
black balls}
=1/(n + 1) since each of these n + 1
balls is equally likely to be the
one chosen earliest
Therefore,

E[X]= iE[Xi] =n/(n+1)
i=1

(@) LetY;equallifred balliis chosen after the

first but before the second black ball,
i=1,...,n. Then

n
Y=Y
i=1

(b) E[Y;]=P{Y;=1}
= P{red ball i is the second chosen from
a set of n + 1 balls}
=1/(n + 1) since each of the n + 1 is
equally likely to be the second one
chosen.

Therefore,

E[Y] = n/(n + 1)

(c) Answer is the same as in Problem 41.

(d) We can let the outcome of this experiment be
the vector (Rq, Ry, ..., R;;) where R; is the num-
ber of red balls chosen after the (i — 1)* but
before the i black ball. Since all orderings of
then 4+ mballs are equally likely it follows that
all different orderings of Ry, ..., R, will have
the same probability distribution.

For instance,
P{Rl ZH,RZ = b} = P{Rz =LI,R1 = b}
From this it follows that all the R; have the

same distribution and thus the same mean.

Let N; denote the number of keys in box i,
i = 1,...,k. Then, with X equal to the number

k
of collisions we have that X = Y (N; - 1)" =
i=1

k

Y (N; =1 4+ I{N; = 0}) where I {N; = 0} is equal
i=1

to 1if N; = 0 and is equal to 0 otherwise. Hence,

46.

k
EX]= Y (pi—1+ 1 —p))=r—k
i=1

k
+ YA -p)
i=1

Another way to solve this problem is to let Y denote
the number of boxes having at least one key, and
then use the identity X = r — Y, which is true since
only the first key put in each box does not result in
k
a collision. Writing Y = Y I{N; > 0} and taking
i=1
expectations yields

k

EX]=r—E[Yl=7—- Y [1-(1-p)]
i=1

k
=r—k+Y0-p)
=i

o0
Using that X = z I, we obtain

n=1
o oo
E[X]= Y Ell,]= ) P{X>n}
n=1 n=1
Making the change of variables m = n — 1 gives
oo oo
E[X]= Y P{X>m+1} =Y P{X>m}
m=0 m=0
(b) Let
I = 1, if n<X
"0, if n>X
_J1, it m<Y
Jm = 0, if m>Y
Then
oo oo oo 0
XY = ZI” 2]111: 2 Zln]m
n=1 m=1 n=1m=1

Taking expectations now yields the result

E[XY] = z 2 E[In]m]

n=1m=1

=§ §P(X2n,¥2m)

n=1m=1
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47.

49.

50.

51.

52.

Answers and Solutions

Let X; be 1 if trial 7 is a success and 0 otherwise.

(a) The largest valueis .6. If X; = X, = X3, then
1.8 = E[X] = 3E[X ] = 3P{X;= 1}
and so
P{X=3}=P{X;=1}=6
That this is thelargest value is seen by Markov’s
inequality, which yields
P{X >3} <E[X]/3=.6

(b) The smallest value is 0. To construct a probabil-

ity scenario for which P{X =3} = 0let U be a
uniform random variable on (0, 1), and define

g _ 1 ifus<s
1= 0 otherwise

1 ifu>a4
270 otherwise

1 ifeitherU <.3 or
0 otherwise

>
X; = u>.7

It is easy to see that
P{X1j=X=X3=1}=0

E[X?] — (E[X])? = Var(X) = E(X — E[X])?> > 0.
Equality when Var(X) = 0, that is, when X is
constant.
Var(cX) = E[(cX — E[cX])?]
= E[c*(X — E(X))*]
= ¢? Var(X)
Var(c + X)=E[(c + X — E[c + X])?]
= E[(X — E[X])’]
= Var(X)

N =

;
Xj where X; is the number of flips between
i=1
the (i — 1)* and i head. Hence, X; is geometric
with mean 1/p. Thus,

EINT= 3 EIX1 =~
i=1 p

n
@) n+1
(b) 0

(o1

53.

54.

55.

1 1 71
n+1 2n+1 n+1|°
(a) Using the fact that E[X + Y] = 0 we see that

0=2p(1,1) — 2p(—1,—1), which gives the
result.

(b) This follows since
0=E[X—-Y]=2p(1,-1)—2p(—1,1)
(©) Var(X) = E[X?] =1
(d) Var(Y) =E[Y?] =1
(e) Since
1=p(1,1) +p(-1,1) + p(1,-1) + p(-1,1)
=2p(1,1) + 2p(1, 1)

we see that if p = 2p(1, 1) then
1-p=2p(1,-1)
Now,

Cov(X,Y) = E[XY]
=p(1,1) + p(~1,-1)
—P(l, _1) - P(—lz 1)
=p-(1-p=2p-1
]’ .
@ PY=j)=) C) e 2N /it

i=0
. ] .
=e 2 A—'] Z (]) 11—
I izo \!
_ o2 @y
= T

(b) P(X =i) = § @e—zw /!

j=i

N

1 e 1
= e —
i! g;(]—z)!

N oS
k=0

)\i
= e_)\‘—
i!

(© PX=i,Y-X=k=PX=1iY=k+1i)

_ (k1,2 Nt
S\ (k + i)!
Nk

_ = -2
T ~]
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showing that X and Y — X are independent
Poisson random variables with mean \. Hence,

LN

P(Y - X=k)=¢ 7

56. Let X; equal 1 if there is a type i coupon in the

57.

58.

collection, and let it be 0 otherwise. The number of
n
distinct types is X = ) X;.
i=1

EX]= Y E[X]]=Y P{X;=1} =Y (1 -p)
i=1 i=1 i=1

To compute Cov(X;, Xj) when i # j, note that X;X;
is either equal to 1 or 0 if either X; or X; is equal to
0, and that it will equal 0 if there is either no type i
or type j coupon in the collection. Therefore,

P{Xl'Xj =0}=P{X; =0} + P{X] =0}
—P{X; = X; =0}
=1-p)+Q-p)
~(1=pi—p)
Consequently, for i # j
COU(XZ‘, X]) = P{XiX]' = 1} — E[Xi]E[X]‘]
=1-[1—p)+ A —ppf
—(A=pi—p)F1— A = p)F —pj)k
Because Var(X;) = (1 — pi)k[l —(1- pi)k]
we obtain
Var(X) = i Var(X;) + 2 2 z Coov(X;, Xj)
i=1 i<j
=3 1 -p) -1 -p)]
i=1
+ 23 Y -1 -p)f

j i<y
+ A-p)F = A -pi—p)
— (1 -p)a-p)

It is the number of successes in 7 4+ m independent
p-trials.

Let X; equal 1 if both balls of the i withdrawn pair
are red, and let it equal 0 otherwise. Because

r(r—1)

E[Xi] =P{Xi =1} = mEn—1)

we have

E[X]= ) E[Xi]
i=1

_r(r=1)
T (4n-2)
because
v =1 —=2)(r-3)
E[XZX]] - 2n(2n — 1)(2n — 2)2n — 3)
For Var(X) use

Var(X) = 2 Var(X;) + 2 2 Cov(X;, X))
= nl Var(X1) + n(;1<]— 1) Cov(X1, X3)
where
Var(Xy) = E[X1](1 — E[X1])
r(r—1)(r —2)(r —3)
2n(2n — 1)(2n — 2)(2n — 3)
— (E[X1])?

Cou(Xy, X2) =

(a) Use the fact that F(X;) is a uniform (0, 1) ran-
dom variable to obtain

p=P{F(X1) < F(X2) > F(X3) < F(X4)}
=P{U1 < U > U3 < U4}

where the U;,i = 1,2,3,4, are independent
uniform (0, 1) random variables.

1 1 o g1
(b) p= / / / / dxgqdxzdx,dxq
0 X1 0 X3
1 1 X2
:/ / / (1 —X3)dX3dX2dX1
0 Jx; JO

1 p1
= / / (20 —x%/Z)dxzdxl
0 Jxg

= / L1/ - 32 + 56
0

=1/3—-1/6+1/24 =5/24

(c) There are 5 (of the 24 possible) orderings such
that X; < Xp > X3 < X4. They are as follows:

Xo > Xy > X35> X4
Xo>Xg>X1>X3
Xo>X1>Xy4> X3
Xy > X > X3 > X4
Xy >Xo > X1 > X5
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60.

61.

62.

Answers and Solutions

1 t*l
E[etX]z/ iy =&
0 t
d_ x, tef—ef+1
EE[e ]_71}2

d2

) [P(te2 4 et —et) — 2t(tet — et + 1)]
dr B

Ele 1

el —2(te — et + 1)
= 3

To evaluate at t = 0, we must apply 1"'Hospital’s
rule.

This yields
tet + ef —et et 1
E[X]=1lm —— =1lim — = =
[X]=fim —; =02 2
2tet + t2et — 2tet — 2et + 2et
E[Xz]zlim e +toe 26 e + Ze
=0 3t
et 1
t1=n(1)3

@ fx= [ ey

— )\e—)\x

Y
©) frl)= [ e vix
0
= \2ye— N

(c) Because the Jacobian of the transformation
x=x,w=y—xis1, wehave

Few(x,w) = fx y(x,x + w) = N2e A+
= e M \e W

(d) It follows from the preceding that X and
W are independent exponential random vari-
ables with rate .

E[e®X] = /eoz)\x)\e—)\xdx _
1-«o

Therefore,
P=- iln(l—a)

The inequality In(1 — x) < —x shows that
P>1/\

63.

64.

65.

66.

67.

68.

69.

70.

p(t)=Y "1 —p)"p
n=1

=pe' 3, (1—pe)"!
n=1

__
S 1-(1-p)et

(See Section 2.3 of Chapter 5.)

n n
Cov(X;, X;) = Cov(u; + Y awZy, K+ D ajtZy)
k=1 t=1

I
M=
M=

Cov(ayZy, ajtZy)

t=1k=1
n n
=3 axajCoo(Zy, Zy)
t=1k=1
n
= 2 AikAjk

i

1

where the last equality follows since

1 ifk =t
CovZiZ) = iy 24
g

=P{|X1+ -+ X, —nu| >ne}
<Var{Xy+ -+ Xy} /n* €2
= no?/n* €2

—0asn— o0

P{5 <X <15} >

G118 ]

2
(a) P{X1+"'+X10>15}§§

(b) P{X1++X10>15}%1—¢)|:\/%:|
1
@(1)-@[2}:1498

Let X; be Poisson with mean 1. Then

n n nk
P{ZXi<n} =e " 2 o
1 i k!

n

But for n large Y x; — n has approximately a nor-
1

mal distribution with mean 0, and so the result
follows.
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71. (a) P{X=”}=|?}{kﬁil/{n;nﬂ

i=0,1,...,min(k, n)

k
b) X=X

i=1

E[X] = 2 E[X;] =

n+m

since the i ball is equally likely to be

either of the n + m balls, and so
n
E[X]=P{X; =1} = ——

n+m
s
ZE[Y

Z P{i" white ball is selected}

E[X]=

_% ko ok
T &=pu4+m n+m

72. For the matching problem, letting
X=X1+ -+Xn
where

5. - J1 if i man selects his own hat
"7 |0 otherwise

we obtain
Var(X) = Z Var(X;) + 2%, Y Cou(X;, X;)
i<j
Since P{X; =1} = 1/N, we see
1 1 N-1
Also
Cou(X;, X;) = E[X;X;] — E[X;]E[X;]

Now,
1 if the " and j men both select
XiXj = their own hats
0 otherwise
and thus
E[X;X]=P{X; =1, X; =1}
— P{X; = }P{X; = 1|X; = 1}
_1 1

NN-1

73.

74.

Hence,
1 112 1
CovlXir X)) = N =1 [N] T NZ(N 1)
and
N 1

Var(X) = 7N + 2[2 } NI 1)

_N-1_,1

= N TN

=1

As N; is a binomial random variable with para-
meters (1, P;), wehave (a) E[N;] =nPj; (b) Var(X;) =
nP; = (1 — P;); (c) for i # j, the covariance of N; and
N; can be computed as

> Xi, > Yk
k k

where Xy (Yy) is 1 or 0, depending upon whether or
not outcome k is type i(j). Hence,

Cov(N;,Nj) = 2 2 Cou(Xy, Yy)
k £

Cov(N;, N;) = Cov

Now for k # ¢, Cov(X, Yy) = 0 by independence of
trials and so

Cov(N;, Nj) = Z Cou(Xy, Yi)
= i (E[XiYi]
= _k Y E[X,]E[Y] (since XYy = 0)
=—§Hﬂ
k

= —TlPiP]'
(d) Letting

1,
-

we have that the rnumber of outcomes that never

— E[X,]E[Y(])

if no type i’s occur
otherwise

occur is equal to Z Y; and thus,
1

E [é Y;

r

1

r
Z P{outcomes i does not occur}
%

1

(a) As the random variables are independent,
identically distributed, and continuous, it fol-
lows that, with probability 1, they will all have
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75.

(b)

(0

(d)

(@)

(b)

(0

Answers and Solutions

different values. Hence the largest of X, ..., X,
is equally likely to be either Xj or Xj ... or Xj;.
Hence, as there is a record at time n when X,
is the largest value, it follows that

1
P{arecord occurs at n} = p

Letl; = 1, ifa recqrd occurs at j
0, otherwise
Then

E[}j“lj] ZE[I | = il

It is easy to see that the random variables
11,1, ...,1, are independent. For instance, for
j<k

P{Ij =1/, =1} = P{I]- =1}

since knowing that X is the largest of
X1y Xjyooos X clearly tells us nothing about
whether or not X; is the largest of Xj, ..., X;.
Hence,

VarZI _ZVar(I =i{ } []_1]

J

P{N > n}

= P{Xj is the largest of X;, ..., X;;} = %

Hence,

E[N] = §P{N>n}= §1=oo
n=1 n=1n

Knowing the values of Ny, ..., N, jis equivalent
to knowing the relative ordering of the ele-
ments ay, ..., 4;. For instance, if Ny =0, N, =1,
N3 = 1 then in the random permutation a,
is before a3, which is before a;. The indepen-
dence result follows for clearly the number
of aj,...,a; that follow 4,7 does not proba-
bilistically depend on the relative ordering of
ai, ..., a;.

which follows since of the elements a4, ..., 4,11
the element a;_ 1 is equally likely to be first or
second or ... or (i + 1)*.

i—1

EIN;] 12k_ﬁ

PN = 1Y e o D@D
Lo 6

76.

77.

78.

79.

and so
i—DERi-1) (G-1)7
varty = €= 0E =D (=)
_if-1
12
E[XY] = pxpy

E[(XY)’] = (1 + o)ty + 07)

Var(XY) = E[(XY)?] — (E[XY])?

Ifgi(x,y) =x+y, g2(x,y) = x —y, then

_|ox oy | _
]_ 8g2 8‘072 =2
ox dy
Hence,if U=X+Y, V=X-Y, then
u~|—v u—o

fu,v(u,0) = fxy[ 2]
_ 2 | e P
" 472 P 202 2

4702

U2
exp § — @

(@) ¢, (t;) = ¢(0,0...0,1,0... 0) with the 1 in the i*"
place.

_e—pi?/o’ exp {W‘ _ ”2}

(b) If independent, then E [62“’61} = [e!i"]
1

On the other hand, if the above is satisfied, then
the joint moment generating function is that of the
sum of 1 independent random variables the i of
which has the same distribution as x;. As the joint
moment generating function uniquely determines
the joint distribution, the result follows.

1oy ELXe™]
K(t) = E[etX}
K//(t) _ E[etX}E[XzetX] _ E2 [XetX]

E2 [etX]
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Hence, Taking expectations yields

, —_—
)]s
K"(0) = E[X?] — E*[X] = Var(X)

Hence,
. Let I; be the indicator variable for the event that A; X(X-1)
occurs. Then ElX]= sy, E[ 2 =52
<X) _ oy : giving that
= PR )
k) S Var(X) = E[X2] -2 =25, + §; - 2



Chapter 3

ZX Posy) Py (b) By same reasoning as in (a), if Y = 1, then

L ;PX [y&l» = Pyw) Pyw) 1 X has the same distribution as the number of
white balls chosen when 5 balls are chosen
2. Intuitively it would seem that the first head would from 3 white and 6 red. Hence,
be equally likely to occur on either of trials 1, ..., 3 5
n — 1. That is, it is intuitive that EX|Y =1] = 5§ =3
P{X1=ilX; + Xo=n}=1/(n-1),
o1 a1 6. pxy(113)=P{X =1,Y = 3}/P{Y = 3}
= P{1 white, 3 black, 2 red}
Formally, /P{3 black}
P{X; = i|X; + Xp = n} 6! {3]1[5]3[6}2
1321 (14| 14| |12
_P{Xlzi,X1+X2:n} 113121 |14 . 14 . 14
P+ Xo=n} o [5} [9}
131
PNy =i Xa i} 43.3. 4] |14
- P{Xl =+ X2 = 1’1} — §
_p-ppa—pt .
n—1 _ 013) = —
( 1 )P(l—P)” ’p PxiyOB) =27
2
=1/(n—-1) Pxiy(23) =75
In the above, the next to last equality uses the inde- 3[3) = 1
pendence of X; and X, to evaluate the numerator Pxiy 27
and the fact that X; + X, has a negative binomial 5
distribution to evaluate the denominator. EX[Y =1]= 3
3. E[X]Yy=1]=2 7. Given Y =2, the conditional distribution of X
5 and Z is
EIX|Y =2] =3
1
12 P{X,2) =Y =2} = ¢
E[X|]Y =3]= —
5 P{1,2)[Y =2} =0
4. No. P{2, )Y =2}=0
4
5. (a) P{X = ilY = 3} = P{i white balls selected P{@2,2)]Y =2} = 5

when choosing 3 balls from 3 white and 6 red }
e
112
:lfl/ Z2011/213 E[X|Y:2]: + 9
{3] EIX|Y=2,Z=1]

5

iy
ISR

1

20
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10.

11.

12.

13.

14.
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(a) E[X]=E[X|first roll is 6]%

+ E[X]|first roll is not 6]2

1 5
=2 + (L +EXDg

implying that E [X] = 6.
(b) EX]Y=1]=1+E[X]=7

© E[ileLZ [ﬂ L})] +3 Er M
o o [
dENHIEE

EIX]Y =yl =Y xP{X = x[Y =y}

=Y xP{X =x} by independence
X
= E[X]

(Same as in Problem 8.)

Y
EIX|Y=y] = C/ x(]/2 —x%)dx =0
-y

1 —x/y
—exp exp Y 1
= —exp Y

exp_y/;exp_x/ydx y

fxpy(xly) =

Hence, given Y = y, X is exponential with mean y.

The conditional density of X given that X > 11is

A —Ax
fxix>1(0) = P{;[((J;) - eejg—x

when x > 1

o0
E[X|X >1]= exp>‘/ xAexp Mdx=1+1/A
1

by integration by parts.
__f® 1
fax<aiW=pix 13 <3
1
— m =2

15.

17.

18.

lexp_y lexp_y
fxpy =y (xly) = yf( = yyl
Y / —exp ¥ dx
. oYy
=—, 0O<x<
y y

1 /Y y2
E[X?|Y = ]:,/ Py = &
Y=y v Jo 3

With K = 1/P{X =i}, we have that

fy\x (y|i) =KP{X =ilY = y}fy(y)

a—1

=Kje Vyle™ 9y
— Kle—(1+a)yyu+i—1

where K; does not depend on y. But as the pre-
ceding is the density function of a gamma random
variable with parameters (s 4+ i,1 + «) the result
follows.

In the following t:Z?zl x;, and C does not
depend on 6. For (a) use that T is normal with
mean 16 and variance #; in (b) use that T is gamma
with parameters (n,6); in (c) use that T is bino-
mial with parameters (1, §); in (d) use that T is Pois-
son with mean n6.

(@ f(xq, .. xq|T =1)
f(xl,...,xn, T = f)
fr(t)
_ fx1, . Xn)
fr®)
_ copl= S 072
- exp{—(t —noH)?/2n}
= Cexp{(t — n)*/2n — z (xi — 0)%/2}

= Cexp{t*/2n— 0t + n6?/2— Y x7/2

+ 0t — n92/2}
= Cexp{(X,x)?/2n — Y x?/2}
d) fx1,..., x4 T=t)= (xlf,T(t),xn)
= o'e”’ in
= ee_et(et)n—l/(n _ 1)|
=@m-1"

Parts (c) and (d) are similar.
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19. /E[XIY = ylfry)dy
://vmvmwmn@

_ flx,y)
‘//?mw”ﬂww

:/x/f(x-y)dydx

= /xfx(x)dx
= E[X]

P{disease|x} f(x)
| P{disease|x} f (x)dx
_ P

[ P(x) f(x)dx

[1-PIf()
J 1= P@)]f(x)dx
f(x|disease) P(x)
(©) f(x|no disease) Cl — P(x)
where C does not depend on x.

20. (a) f(x|disease)=

(b) f(x|no disease) =

N
21. (@) X=)T;
i=1
(b) Clearly N is geometric with parameter 1/3;
thus, E[N] = 3.

(c) Since Ty is the travel time corresponding to
the choice leading to freedom it follows that
Ty =2,and so E[Ty] = 2.

(d) Given that N =mn, the travel times T;i=1,...,
n — 1 are each equally likely to be either 3 or
5 (since we know thata doorleadingback to the
nine is selected), whereas T}, is equal to 2 (since
that choice led to safety). Hence,

N n—1
E[ZMN:n] =E[z T,-|N=n]
i=1 i=1
+ E[Ty|N = n]
=4n—-1)+2

(e) Since part (d) is equivalent to the equation
N
E z TiN| =4N -2
i=1
we see from parts (a) and (b) that
E[X]=4E[N] -2
=10

22.

23.

Letting N; denote the time until the same outcome
occurs i consecutive times we obtain, upon condi-
tioning N;_1, that

E[Ni] = E[E[Ni|N;-11]
Now,
E[N;INi_1]
1 with probability 1/n

=Ni—1 + : .
E[N;] with probability(n — 1)/n

The above follows because after a run of i — 1 either
arun of i is attained if the next trial is the same type
as those in the run or else if the next trial is different
then it is exactly as if we were starting all over at
that point.

From the above equation we obtain
E[N;] = EIN;_1] + 1/n + E[N;](n — 1)/n
Solving for E[N;] gives
E[N;] =1+ nE[N;_4]
Solving recursively now yields
E[N;1=1+ n{l + nE[N; ]}
=1+ n+ n?E[N,_,]

=1+4n+- -4+ n1E[N;]
=1+n+--+n1
Let X denote the first time a head appears. Let us

obtain an equation for E[N|X] by conditioning on
the next two flips after X. This gives

E[N|X]=E[N|X, h,hlp*> + E[N|X, h, tlpq

+ E[N|X,t,hlpq + EIN|X, t,t14?
where g =1 —p. Now
EINIX,h,h=X + 1,EIN|X, I, t]=X + 1
E[N|X,t,h] =X + 2, E[N|X,t,t] = X + 2 + E[N]
Substituting back gives
EIN|X]= (X + 1)(p* + pg) + (X + 2)pg

+ (X +2 + E[N])g?

Taking expectations, and using the fact that X is
geometric with mean 1/p, we obtain

EIN]=1+p+q+2p9+ ¢*/p + 29> + ¢*E[N]
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Solving for E[N] yields
2+ 29 + ¢
E[N] = 7161—072‘1 /p

Inall parts, let X denote the random variable whose
expectation is desired, and start by conditioning on
the result of the first flip. Also, i stands for heads
and ¢ for tails.

(a) E[X]=E[X|h]p + E[X|t](1 —p)

ey o)

=1+p/A-p+0A-p)/p
(b) E[X]= (14 E[number of heads before
first tail])p + 1(1 — p)
=1+p1/A-p -1
=1+p/A-p)—p
(c) Interchanging p and 1 — p in (b) gives result:
1+(1-p/p-Q0-p)
(d) E[X]=(1+ answer from (a))p
+ 0 +2/p)1-p)
=Q2+p/A=p)+ A =p)/pp
+ 0 +2/p)1-p)

(a) Let F be the initial outcome.

3

3
EIN)= 3 EINIF =il = 3 (14 2 )pi=1+ 67

i=1 i=1 i

(b) Let Ny, be the number of trials until both out-
come 1 and outcome 2 have occurred. Then

E[N12] = E[N1|F = 1]p1 + E[N12|F = 2]p>
+ E[N12|F = 3]p3

1 1
=(1+ = )p+(1+—
( PZ)p1 ( Pl)pz

+ (1 + E[N12])p3
=1+ 23 + 3 + p3E[N12]
P2 Pn

Hence,
1+8 4B
EINip] = —F
p1+p2

Let N4 and Np denote the number of games needed
given that you start with A and given that you start

27.

with B. Conditioning on the outcome of the first
game gives

E[NA] = E[N4|wlpa + E[NA|J(1 —pa)

Conditioning on the outcome of the next game
gives

E[Na|w] = E[Na|ww]pp + E[Na|wl](1 — pp)
=2pp + (2 + E[Na](1 — pp)
=2+ (1 —pp)E[Nal

As E[N4|ll=1 + E[Ng] we obtain

E[NAl=(2+ (1 —pB)E[Nal)pa
+ (1 + EINg]D(1 —pa)

=1+ pa + pa(l — pp)E[N4]

+ (1 —pa)E[Ns]
Similarly,
E[Ng]=1 + pp + pp(1 — pa)E[N;]
+ (1 —pB)E[N4l
Subtracting gives
E[Na] — E[Ng]
=pa—pp + (pa — 1)1 — pB)E[Nal
+ (1 —pB)(1 — pa)E[NE]
or

[1+ (1 —pa)(1 —pp)(EINal — E[NB]) = pa — ps
Hence, if pg > pa then E[N4] — E[Np] < 0, showing
that playing A first is better.

Condition on the outcome of the first flip to obtain
E[X]=E[X[H]p + E[X|T](1 - p)
=(1+ E[X])p + E[X|TI1 —p)
Conditioning on the next flip gives
E[X|T1=E[X|TH]p + E[X|TTI(1 —p)
=Q+EXDp+2+1/p1—p)

where the final equality follows since given that
the first two flips are tails the number of additional
flips is just the number of flips needed to obtain a
head. Putting the preceding together yields

E[X]=(1+ E[X]p + (2 + E[X])p(1 —p)
+ 2+ 1/p)A —p)?

or

E[X] !

~pd—pp
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Let Y; equal 1 if selection i is red, and let it equal 0
otherwise. Then

k
E[Xi] = Y, E[Yi]
=

1
’
r+b
’
r+b

E[Y{] =
E[Xi] =

E[Y>] = E[E[Y>]X4]]

{r%—le]
:Ei
r+b+m

r
__r+b
r+b+m

_ r n m r
T r+b+m r+b+mr+0

- (1+-"
T r4+b+m r—+b

r
T r+4b

r+m

.
ElX2] =2~

To prove by induction that E[Yy] = TL, assume

+b
r

r+b

that for alli < k,E[Y;] =

Then
E[Yi] = E[E[Yk| Xk—1]]

_ r+ mXp_q
S lr+b+(k—1)m

r+mE[ Y, Y]

S r+b+(k—1)m

B r+mk —1)Z5
S r+b+(k—1)m
o

Cr4b

The intuitive argument follows because each selec-
tion is equally likely to be any of the r + b types.

Letg; =1—p;, i = 1.2. Also, let h stand for hit and
m for miss.

30.

31.

32.

(@) w1 =E[N|hlp1 + E[N|m]q
=p1(EIN|h, hlpz + E[N |k, mlgy)
+ (1 + pu2)n
=2p1p2 + 2 + p)p1g2 + (1 + p2)d
The preceding equation simplifies to
m(l—p1g2) =1+ p1 + poq
Similarly, we have that
p2(l =pag1) =1+ p2 + g2
Solving these equations gives the solution.
hy = E[H|hlp1 + E[H|m]q
= p1(E[H|h, hlp2 + E[H|h, m]q2) + hoq
=2p1p2 + (1 + h1) p1g2 + hagn
Similarly, we have that
hy =2p1p2 + (1 + ho)paga + hage

and we solve these equations to find Iy
and hy.

E[N] = 2 EIN|X, =jlp(j) = Y, L

P2 Z ]-)P(]) =m

Let L; denote the length of run i. Conditioning on
X, the initial value gives

E[L1] = E[L1[X = 1]p + E[L; X = 0)(1 - p)

‘ -

1
~(1-p)
p p
1—
= +7p
p

p+

—_

—_
=
=

=

and

E[La] = E[Ly|X = 1]p + E[Lo|X = 0](1 - p)

1 1
=—p+—(1-p)
PP I-p y

=2
Let T be the number of trials needed for both at
least n successes and m failures. Condition on N,

the number of successes in the first n + m trials, to
obtain

n—+m i i
fr ="y BN =" " )i - pren
i=0
Now use

E[T|N=i]=n+m+n;l, i<n
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i—n
1-p’

E[TIN=il=n+m+ i>n

Let S be the number of trials needed for =
successes, and let F be the number needed for m
failures. Then T = max(S, F). Taking expectations
of the identity

min(S, F) + max(S,F) =S + F

yields the result

n m
E[min(S,F)]= - + —— —E[T
[min(S,F)] = 7+ ;7 ~ EIT]

33. LetI(A)equallif the event A occurs and let it equal
0 otherwise.

o0

T
Y Ri] E[z I(T > i)R;
i=1

i=1

E

S ElI(T > i)R]
i=1

= 3 EII(T > DIEIR]
i=1

- § P{T > i}E[R}]
i=1

=2, 6 EIR;]

i=1

- Elf BIR;

i=1

34. Let X denote the number of dice that land on six
on the first roll.

@ m=Y EINX =i (") (1/6)(5/6)"

i=0 l

L n i n—i
= X+ m-) () 1/6/6/6)

n—1 )
=14+ my(5/6)" + 3 my_; (’Z) (1/6)
i=1

(5/6)""
implying that
L e () /65 /6

o 1-(5/6)"
Starting with my = 0 we see that
M= 506 0
_ 1+ m1(2)(1/6;(5/6) _ 96/11
1-(5/6)

and so on.

35.

36.

37.

38.

(b) Since each die rolled will land on six with
probability 1/6, the total number of dice rolled
will equal the number of times one must roll
a die until six appears n times. Therefore,

N
E|Y X| =6n
i=1
np1 = E[X1]
= E[X{|Xz = 0](1 — p2)"
+ E[X1|X2 > 0][1 — (1 — p2)"]
P1 n
=n——~y_>1-
1 _p2( p2)
+ E[X1|X2 > 0][1 — (1 — p2)"]
yielding the result
np1(1—(1—p2)" ")
E[X1|X, > 0] =
[X1]X2 > 0] =)

E[X] = E[X|X # 0](1 — po) + E[X|X = Olpo

yielding

E[X]
E[X|X #4#0] = ——
XX # 01 = 7
Similarly,

E[X?] = E[X?|X # 0](1 — po) + E[X?|X = O]po

yielding
2 E[X?]
E[X*|X #£0] = -
Hence,
Var (X|X #£0)= E[X"] - E°(X]
I—po (1—po)?
B 12 + 02 12

T 1-po  (1—po)?

(a) E[X]=(2.6+3+34)/3=3
(b) E[X?]=[2.6 +2.6> + 3+ 9 + 3.4 + 3.4%]/3
=12.1067, and Var(X) = 3.1067

Let X be the number of successes in the n trials.
Now, given that U = u, X is binomial with para-
meters (1, u). As a result,

E[X|U] = nU
E[X?|U]=n*U? + nU(1 — U) = nU + (n* — n)U?
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Hence,

E[X] = nE[U]
= E[X?] = E[nU + (n* — n)U?]
=n/2 + (n* —n)[(1/2)* + 1/12]
=n/6 4+ n*/3

Hence,

Var(X) = n/6 + n*/12

39. Let N denote the number of cycles, and let X be the
position of card 1.

1 . 13
(@) my==Y EINX=i]==Y (1+my_1)
nia nia
n—1
=1~|—1 m;
n 5
(b) m=1
m —1+1—3/2
2= 5=
1
my=1+2(1+3/2)=1+1/2+1/3
—11/6

1
my=1+ 1(1 +3/2411/6) =25/12
 my=14+1/24+1/34+---+1/n

(d) Using recursion and the induction hypothesis
gives

mn=1+1nil(1+~~+1/j)
n 5
=1+%(n—1+(n—2)/2+(n—3)/3
+---+1/n-1))
=1+%[n+n/2+~-~+n/(n—1)
—(n—1)]

=1+1/2+--+1/n

(e) N = i Xz'
i=1
H m,= iE[Xi] = iP{i islastof1,...,i}

Il
—

i=1

Il
-M::
—_

=

Il
—

(g) Yes, knowing for instance that i + 1 is the last
of all the cards 1,...,i 4+ 1 to be seen tells us
nothing about whether i is the last of 1, ..., i.

n

(h) Var(N) = i Var(X;) = 3 (1/i)(1 — 1/i)
i=1

i=1
40. Let X denote the number of the door chosen, and
let N be the total number of days spent in jail.
(a) Conditioning on X, we get
3
E[N]= Y E{N|X =i}P{X =1}

=1 . .
The process restarts each time the prisoner
returns to his cell. Therefore,

E(N|X =1) = 2 + E(N)
E(N|X =2) = 3 + E(N)

E(INIX=3)=0

and

E(N)=(5)2 + E(N)) + (.3)(3 + E(N))
+ (.2)(0)

or

E(N) =9.5 days

(b) Let N; denote the number of additional days
the prisoner spends after having initially cho-
sen cell 7.

EIN1= 5+ EINID) + 56+ EIN,D + 5(0)

=2+ J(EN] + EIN, )
Now,

BN 1= 20 + 70) =

1 1
E[N,]==(2 —-0)=1
N2l = @) + 50)
and so,
5 15 5
N=3+32=3
41. Let N denote the number of minutes in the maze.
If L is the event the rat chooses its left, and R the
event it chooses its right, we have by conditioning
on the first direction chosen:

E(N) = %E(N|L) + %E(N|R)

11 2 1
=5 |3+ 36+EN) +§[3+E(N)J.

5 21
_2FEN) + 2
eEM) + %

=21
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1 1 47
43. E[T|2] = E[Z|%] = E[Z] =0 .
Vg VN n
n n
EIT23] = SEIZ%3] = 7E[22] =—
Xn Xn Xn

Hence, E[T] =0, and

Var(T) = E[T?] = E {”2]

n

—x/2 71
@/2i

0011
=n 72
0 X

F(n/2)
— —x/2 2 -
2F(n/2)/ e (x/2) dx
_ nl(n/2—1) 48.
2I'(n/2)
_ n
T 2(n/2-1)
_on
n—2

44. From Examples 4d and 4e, mean =500, variance =

E[N1Var(X) + E*(X)Var(N) 49.

_10(100)
12
= 33,333

+ (50)%(10)

45. Now

E[Xu|Xy—11=0, Var(Xu|X,—1) = BX>_;

(a) From the above we see that
E[X,]=0
(b) From (a) we have that Var(x,) = E[Xﬁ]. Now
E[X7]= E{E[XZ|Xp—11}
= E[BX]_4]
= BEIX;_4]
= B?E[X;_,]

= 3"X3

46. (a) This follows from the identity Cov(U,V) =

E[UV] — E[U]E[V] upon noting that
E[XY]=E[E[XY|X]] = E[XE[Y|X]], 20
E[Y]=E[E[Y[X]]

(b) From part (a) we obtain
Cov(X,Y)=Cov(a + bX, X)

=b Var(X)

27

E[X?Y?|X] = X?E[Y?|X]

> X2(E[Y|X])* = X*
The inequality following since for any random
variable U, E[U?] > (E [ll])2 and this remains true

when conditioning on some other random variable
X. Taking expectations of the above shows that

E[(XY)?] > E[X?]
As

E[XY] = E[E[XY|X]]
the result follows.

= E[XE[Y|X]] = E[X]

Var(Y;) = E[Var(Y;|X)] + Var(E[Y;|X])
= E[Var(Y;|X)] + Var(X)
= E[E[(Y; — E[Y|X])?*[X]] + Var(X)
= E[E[(Y; — X)*|X]] + Var(X)
= E[(Y; — X)?] + Var(X)
Let A be the event that A is the overall winner, and

let X be the number of games played. Let Y equal
the number of wins for A in the first two games.

P(A)=P(A]Y = 0)P(Y = 0)
+ P(AlY = 1)P(Y =1)
+ P(A]Y =2)P(Y =2)
=0+ P(A)2p(1 - p) + p*

Thus,
_ P
PA) = 1-2p(1—p)
E[X]=E[X|Y =0]P(Y =0)
+ E[X|Y =1]P(Y =1)
+ E[X|Y =2]P(Y =2)
=2(1—p)* + (2 + E[X])2p(1 — p) + 2p°
=2+ E[X]2p(1 - p)
Thus,

E[X] = 2

1-2p(1-p)

P{N =n}= % [ [ﬂ (.3)"(.7)10—"
+ W](.5)“(.5)10”

10 n 10—n
+ {n]w) (3) }
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51.

52.

53.

54.
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N is not binomial.

{4 o -

Let o be the probability that X is even. Condition-
ing on the first trial gives

a=P(even|X = 1)p + P(even|X > 1)(1 —p)
=(1-o)1-p)

Thus,
o= —1_;7
2—-p

More computationally

o0

p < 2n

a=) PX=2n)=—""— > (1-p)
,El 1*PZ1
_p  (A-p? _1-p
l-p1-Q1-p? 2-p

P{X+Y<x}= /P{X +Y < x[X = s} fx(s)ds
_ / P{X + Y < x|X = s} f(s)ds
_ / P{Y < x—s|X = s} fx(s)ds
_ /P{Y < x— s} fx(s)ds
= [ Fele = s}fos

P{X =n}= /OOO P{X = n|A\}e A

_/OO —t ndt |:1:|n+1
= et — | =
0 n! |2

The result follows since

oo
/ e At =T(n + 1) = n!
0

10 k—1
10 —n n 1
P{N:k}zrgl[ - } RS

56.

57.

58.

59.

N is not geometric. It would be if the coin was
reselected after each flip.

Let Y=1 if it rains tomorrow, and let Y =0
otherwise.

E[X]=E[X|Y = 1]P{Y =1}
+ E[X|Y = 0]P{Y =0}

=9(.6) + 3(4) = 6.6

P{X=0}=P{X =0]Y =1}P{Y =1}
+ P{X =0]Y = 0}P{Y =0}
=607 + 4¢3
E[X?]=E[X?|Yy =1]P{Y =1}
+ E[X?]Y = 0]P{Y =0}
= (81 + 9)(:6) + (9 + 3)(:4) = 58.8

Therefore,
Var(X) = 58.8 — (6.6)* = 15.24

Let X be the number of storms.

P{X>3}=1-P{X <2}

5
:1—/ P{X < 2|A = x}sdx
; 5

5 1
=1- / [e™ +xe™ + e_xx2/2]gdx
0

Conditioning on whether the total number of flips,

excluding the j one, is odd or even shows that the
desired probability is 1/2.

@ PUA)= 3 PAAIN = (1 )i - p
=0
= kz P(Aj|N; = k) <Z> pr—p)"*
=1

= (-12%) 7))

n—1

& n\ g n—k
= <k>Pz(1_Pz) - 2
1

k=1

- Pj n—k n
1—p,‘ k

)n—k

x pr(1 - p;
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n=1 s,
=1-(1-p)" —pf‘—kgl (k)
xpi(t—pi—p)" "
=1-Q1-p)" —pi = [A—=pp)"
~(=pi—p)" =i
=1+ A-pi—p)" —1Q—p)"
~(1-p)"
where the preceding used that conditional on

N; = k, each of the other n — k trials indepen-
dently results in outcome j with probability

Pi
1—]71"

(b) P(AA)—ZPAA|F =k pi(1 —p)!
+P(AA|F >n)(1—p1)”

n

=Y PA|F; =k pi(1 —p)!

k=1
n pi k—1

=2 [1_ (1 - 1]Pi) (1_'7")”%]
=1
x pi(l—pi)1

(c) P(AiAj) = P(Ai) + P(Aj) — P(A;j U A))
=1-(1-p)'+1-1-p)"
1= =pi—p)"
=1+0=pi—p)'—A-p)"
-1 =p)"
60. (a) Intuitive that f(p) is increasing in p, since the

larger p is the greater is the advantage of going
first.

(b) 1

(c) 1/2since the advantage of going first becomes
nil.

(d) Condition on the outcome of the first flip:
f(p) = P{Iwins|h}p + P{I wins|t}(1 —p)
=p+[1—-fPI1-p)

Therefore,

1
f(P)=27

61. (a) my = E[X]|h]p1 + E[H|mlq1 = p1 + (1 + mp)

g1=1+ moq.

Similarly, my = 1 4 m14,. Solving these equa-
tions gives

1+q

— _ 1+
1—qiq2”

1-q192

(b) Py =p1+qP>
Py =g
implying that

p1 p, — P12

p=-—F_
! 1-q192 1-q192

(c

~

Let f; denote the probability that the final hit
was by 1 when i shoots first. Conditioning on
the outcome of the first shot gives

A=piP2+qf, and fr=pP1+qph

Solving these equations gives

fi= p1P2 + qip2Pq
1-q492

(d) and (e) Let B; denote the event that both hits
were by i. Condition on the outcome of the first
two shots to obtain

P(B1) = p192P1 + 9192P(B1) — P(B1)

PMzPl
—q192

Also,

P(B2) = q1p2(1 — P1) + q192P(B2) — P(Ba)

_ qip2(1 = Py)
1-q192
(f) E[N]=2pip2 + p192(2 + myq)
+ q1p2(2 + m1) + q192(2 + E[N])
implying that
E[N] = 2 + mp1g2 + mig1p2

1-q92

62. Let W and L stand for the events that player A wins
a game and loses a game, respectively. Let P(A)
be the probability that A wins, and let P(C) be the
probability that C wins, and note that this is equal
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63.

64.
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to the conditional probability that a player about
to compete against the person who won the last
round is the overall winner.

P(A) = (1/2)P(A|W) + (1/2)P(A|L)
= (1/2)[1/2 + (1/2)P(A|WL)]
+ (1/2)(1/2)P(C)
=1/4 + (1/4)(1/2)P(C)
+ (1/4)P(C) =1/4 4+ (3/8)P(C)

Also,
= (1/2)P(A|W) = 1/4 + (1/8)P(C)
and so
P(C)=2/7, P(A)=5/14,
P(B) = P(A) = 5/14

Let S; be the event there is only one type i in the
final set.

n—1
PISi=1)= 3 P{Si=1IT =/}P(T =}
]_

M [

P{S =1T=j}

|l
)

j
" 1
n—j

S| = :\»—\

Il
=}

J
The final equality follows because given that there
are still n — j — 1 uncollected types when the first
type i is obtained, the probability starting at that
point that it will be the last of the set of n — j types
consisting of type i along with the n —j — 1 yet
uncollected types to be obtained is, by symmetry,
1/(n —j). Hence,

n
E [2 Si
i=1

= nE[S;] =

»
M-
=

(a) P(A) =5/36 + (31/36)(5/6)P(A)
— P(A) = 30/61
(b) E[X]=5/36+ (31/36)[1 + 1/6 + (5/6)
(1 + E[X])] — E[X] = 402/61

(c) Let Y equal 1if A wins on her first attempt, let
it equal 2 if B wins on his first attempt, and let
it equal 3 otherwise. Then

Var(X|Y =1) =0,
Var(X|Y =3) =

Var(X|Y =
Var(X)

2) =0,

65.

66.

Hence,

E[Var(X|Y)] = (155/216)Var(X)
Also,

EX[Y=1]=1, E[X|]Y=2]=2,

E[X|Y = 3] = 2 + E[X] = 524/61

and so

Var(E[X|Y]) = 1%(5/36) + 2%(31/216)
+ (524/61)*(155/216)
— (402/61)% ~ 10.2345

Hence, from the conditional variance formula we
see that

Var(X) = z(155/216)Var(X) + 10.2345
= Var(X) ~ 36.24

(@ P{Y,=j}=1/(n+1), j=0,..,n
(b) Forj=0,..., n—1
P{Y,-1=j}= Zn+1P{Yn 1=]Yn =i}
+1P{Y 1=j‘Yn=j}

+ P{Y,y—1=j|Yn=j+1})
1 ——(P(last is nonred| j red)
+ P(lastisred|j + 1 red)

1 n—j j+1\ _
_n~|—1( - >_1/n
© P{Ye=j}=1/(k+1), j=0,..k
(d) Forj=0,...,k—-1
k
P{Yi_1 =j} =Y P{Yi_1 =jlYy =i}

i=0
P{Yk =i}

=T 1(P{Yk 1=j1Yx=j}
+ P{Yi1=jlYe=j+1})

1 k—j  j+1Y\ _
_k+1< KTk )‘1/"
where the second equality follows from the

induction hypothesis.

(@) E[G1 + Go] = E[G1] + E[G3]
— (6)2+ (4)3 + (32 + (7)3=5.1
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(b) Conditioning on the types and using that the
sum of independent Poissons is Poisson gives
the solution

P{5} = (.18)e %47 /5! + (54)e°5° /5!
+ (28)e~%6° /5!

A run of j successive heads can occur in the fol-
lowing mutually exclusive ways: (i) either there is
a run of j in the first n — 1 flips, or (ii) there is no
j-run in the first n —j — 1 flips, flip n —j is a tail,
and the next j flips are all heads. Consequently, (a)
follows. Condition on the time of the first tail:

j )
Iwﬂ=gpm—mﬂ*u—m+w,jgn
=1

(@) p"

(b) After the pairings have been made there are
2k=1 players that I could meet in round k.
Hence, the probability that players 1 and 2 are
scheduled to meet in round k is 2871 /(2" — 1).
Therefore, conditioning on the event R that
player I reaches round k gives

P{W,} = P{W| R}p*~!
+ P{Wo| R}(1 - p )
— pn—l(l _ p)pk—l + p}’l(l _ pk—l)

(a) LetI(i,j) equal 1if i and j are a pair and 0 oth-
erwise. Then

E|S16,)| = " 11 _p
= N =\2un=17

Let X be the size of the cycle containing person
1. Then

N . . 1
Qn = 2 P{no pairs|X =i}1/n = - S Qi

i=1 i#2

(a) Condition on X, the size of the cycle containing
person 1, to obtain

n 1 11’1—1
My=% -1+M_)=1+-Y M;
i:ln n]':1

(b) Any cycle containing, say, r people is counted
only once in the sum since each of the r people
contributes 1/r to the sum. The identity gives

E[C]=nE[1/Cil=n) 1/D)A/n)= Y 1/i
i=1

i=1

72.

73.

74.

(c) Let p be the desired probability.
Condition on X

(n—k)!
n!

(d)

Forn > 2
P{N > n|U; =y}
=P{y>Up > U3 > > U}
=P{U; <y,i=2,..,n}
P{U, > U3 > - - - geqU,|
U <y,i=2,..n}

=y /(n-1)
EIN|U; =y]= ) P{N >n|U; =y}

n=0
=2+ fy”*l/(nq)! =1+4¢¥
Also, =
P{M >n|U; =1-y}=P{M(y) >n—-1}
=y /(1)

Condition on the value of the sum prior to going
over 100. In all cases the most likely value is 101.
(For instance, if this sum is 98 then the final sum
is equally likely to be either 101, 102, 103, or 104. If
the sum prior to going over is 95 then the final sum
is 101 with certainty.)

Condition on whether or not component 3 works.
Now

P{system works|3 works}
= P{either 1 or 2 works}P{either 4 or 5 works}

= (py + P2 —P1p2)(P4 + P5 — paps)

Also,

P{system works|3 is failed}
= P{1 and 4 both work, or 2 and 5 both work}
= P1P4 — P2P5 — P1P4p2ps

Therefore, we see that
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P{system works}
= pa(py + p2 — p1p2)(Py + P5 — paps)
+ (1 = p3)(p1Pa + p2ps — p1pap2ps)

(a) Since A receives more votes than B (sincea > a)
it follows that if A is not always leading then
they will be tied at some point.

(b) Consider any outcome in which A receives
the first vote and they are eventually tied,
say a,a,b,a,b,a,b,b.... We can correspond this
sequence to one that takes the part of the
sequence until they are tied in the reverse
order. That is, we correspond the above to the
sequence b,b,a,b,a,b,a,a... where the remain-
der of the sequence is exactly as in the original.
Note that this latter sequence is one in which
B is initially ahead and then they are tied. As
it is easy to see that this correspondence is one
to one, part (b) follows.

(c) Now,

P{B receives first vote and they are
eventually tied}

= P{B receives first vote}= n/(n + m)
Therefore, by part (b) we see that
P{eventually tied}=2n/(n + m)

and the result follows from part (a).

By the formula given in the text after the ballot
problem we have that the desired probability is

1

3 (15> (18/38)1°(20/38)°

We will prove it when X and Y are discrete.

(a) This part follows from (b) by taking

g(x,y) = xy.
(b) E(X, Y)Y =7]= ZZg(x y)
P(X =x,Y =ylY =7}

Now,
PIX=xY=y|Y =y}
0, ity #y
- {P{X:x, Y=7}, ify=7
So,

E[g(X, V)Y =7] =D g, PP{X =x|Y =7}
k

= Elg(x, DY =7
(¢) E[XY]=E[E[XY|Y]]
—E[YEIX|Y]] by (@)

78.
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Let Qu,m denote the probability that A is never
behind, and P, the probability that A is always
ahead. Computing P, ,, by conditioning on the first
vote received yields

Pn,m=n+an 1,m
n—m
Butas Py, = , we have
n+m
0 _h+mn-—m n-—m
L= T Y m . n
and so the desired probability is
n+1-m
Oum =041

This also can be solved by conditioning on who
obtains the last vote. This results in the recursion

m
QnmziQn lm+ +mQ nym — 1

which can be solved to yield

n+1l-m
Oum =041

Let us suppose we take a picture of the urn before
each removal of a ball. If at the end of the exper-
iment we look at these pictures in reverse order
(i.e., look at the last taken picture first), we will
see a set of balls increasing at each picture. The
set of balls seen in this fashion always will have
more white balls than black balls if and only if in
the original experiment there were always more
white than black balls left in the urn. Therefore,
these two events must have same probability, i.e.,
n —m/n + m by the ballot problem.

Condition on the total number of heads and then
use the result of the ballot problem. Let p denote the
desired probability, and let j be the smallest integer
that is at least 11/2.

n [N .
; _2i—n
p=2 (i ) pa—p=—
l:]

1
(a) f(x) = EIN] = / EINIX; = yldy
0
1 ify <x
= {1 ) ify>x

1
f@) =1+ / F)dy

EIN|X; =

Hence,
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(b) f'(x) = —f(%)
(c) f(x) =ce ™. Since f(1) = 1, we obtain that ¢ =

e,and so f(x) = ! ™"

(d) PIN>n}=Px<X1 <Xp < - < Xy} =

(1 — x)" /n! since in order for the above event to
occur all of the n random variables must exceed
x (and the probability of this is (1 — x)"), and
then among all of the n! equally likely order-
ings of this variables the one in which they are
increasing must occur.

o

(e) E[N] = Y P{N > n}

82. (a)

(b)

n=0

= 2(1 —x)'/n! = el

Let A; denote the event that X; is the Kt largest
of Xi,...,X;. It is easy to see that these are
independent events and P(A;) = 1/i.

P{Ny =n} =P(A{Ajy -+ AL _14n)

k—1 k n—-21

Tk k+1 T n-1n
k—1

=n(n—1)

Since knowledge of the set of values
{X1, ..., Xn} gives us no information about the
order of these random variables it follows that
given Ny = n, the conditional distribution
of Xy, is the same as the distribution of the
k™ largest of n random variables having
distribution F. Hence,

v k- !
fxn )= gk i }1) o= k)r.'l('k —)1

x (F))" (F(o)y~f (x)

=

Now make the change of variable i = n — k. (c)
Follow the hint. (d) It follows from (b) and (c) that

fen, @) = F().

83. Let [; equal 1 if ball j is drawn before ball i and

let
of

it equal 0 otherwise. Then the random variable
interest is ) I;. Now, by considering the first
j#i

time that either i or j is withdrawn we see that
P{j before i} = w;j/(w; + wj). Hence,

|

wj

51|-3

A AT

84. We have

E[Position of element requested at time ¢]

n
=Y E[Position at time t | ¢; selected]P;
l?l
= Y E[Position of ¢; at time t]P;
i=1

1,
with I]' =
0, otherwise

if ¢ precedes ¢; at time ¢

We have
Position of ¢; at time t = 1 + ZIj
j#i
and so,
E[Position of ¢; at time ¢]
=1+ E(I)
j#i
=1+ ZP{ej precedes e¢; at time ¢}
j#i

33

Given that a request has been made for either
e; or ¢j, the probability that the most recent one was

for ¢ is Pj/(P; + P)). Therefore,
P{ej precedes ¢; at time te; or ¢; was requested }
P + P]'

On the other hand,

P{ej precedes e; at time t | neither was ever

requested }

P{Neither e; or ¢; was ever requested by time ¢}
=(1-P;—P)~!
we have

E[Position of ¢; at time ¢]
=1 la-p,—py-1
+2 [31-P;i—P)
j#i
B a—a—p—py
gy (- (=P By
and

E[Position of element requested at ¢]
= ZP]'E[Position of ¢; at time ¢]
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Consider the following ordering:
e1,6, ...,6[,1,1',]',81_‘_1, el where Pl' < P]‘

We will show that we can do better by inter-
changing the order of i and j, ie., by taking
€1,€,...,1-1,J,1,€142,...,ey. For the first ordering,
the expected position of the element requested is

E,‘/j =P, + 2P, +---+(-1)P,_,
+ lpi + I+ 1)Pj + (l+2)Pel+2 + -

Therefore,

Eij —Ej;i =1I(P; — Pj) + (I + 1)(P; — P;)
:Pj—Pi>0

and so the second ordering is better. This shows
that every ordering for which the probabilities are
not in decreasing order is not optimal in the sense
that we can do better. Since there are only a finite
number of possible orderings, the ordering for
which py > py > p3 > -+ > py is optimum.

(a) This can be proved by induction on m. It is
obvious when m=1 and then by fixing the
value of x; and using the induction hypothe-

" )

sis, we see that there are Z [n —ihme 2}
i=0 m—2

such solutions. As {n B ;14__”21 B 2] equals the

number of ways of choosing m — 1 items from
a set of size n + m — 1 under the constraint
that the lowest numbered item selected is
number i + 1 (that is, none of 1,...,i are
selected where i + 1 is), we see that

i [n—i—i—m—Z} _ [n—l—m—l]

bar m—2 m—1

It also can be proven by noting that each solu-
tion corresponds in a one-to-one fashion with
a permutation of n ones and (m — 1) zeros.
The correspondence being that x; equals the
number of ones to the left of the first zero, x;
the number of ones between the first and sec-
ond zeros, and so on. As there are (n + m —

1)!/nl(m — 1)! such permutations, the result
follows.

(b) The number of positive solutions of x; + - - - +
Xy = n is equal to the number of nonnegative
solutions of y; + -+ + y, = n —m, and thus

there are {n -1 } such solutions.
m—1

88.

89.

90.

(c) If we fix a set of k of the x; and require them
to be the only zeros, then there are by (b)
n—1

(with m replaced by m — k) m—k—1 such
m n—1
solutions. Hence, there are 2 m—k—1

outcomes such that exactly k of the X; are
equal to zero, and so the desired probability

m n—1 n+m-—1

Sk m—k—1 / m—1
(a) Since the random variables U, X3, ..., X;, are all
independent and identically distributed it fol-

lows that U is equally likely to be the i small-
est foreachi + 1,...,n + 1. Therefore,

P{X =i} = P{U is the (i + 1)* smallest}
=1/(n+1)

(b) Given U, each X; is less than U with probabil-
ity U, and so X is binomial with parameters
n,U. That is, given that U <p, X is bino-
mial with parameters n,p. Since U is uni-
form on (0,1) this is exactly the scenario in
Section 6.3.

Condition on the value of I,;. This gives
n

P, (K) =P{2]’1j <K|I, = 1} 1/2

j=1

n
+ P{Zjlj <K|I, = o} 1/2
j=1

n—1
=P{ jli+n < K} 1/2
j=1

j=1

+P{n§ﬂj < K} 1/2

= [Pn—l(k - l’l) + Pn—l(K)]/2

@ :
e=552/2!.5¢=5 . ¢~
1 1
(b) e=552/21.5¢=5 . ¢=5.¢=552 /2! + e—552/2!
1 1

1
+ +=
pPA—-p3  pXd-p p
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92. Let X denote the amount of money Josh picks up
when he spots a coin. Then

E[X] = (5 + 10 + 25)/4 =10,
E[X?] = (25 + 100 + 625)/4 = 750/4

Therefore, the amount he picks up on his way to

work is a compound Poisson random variable with

mean 10-6 = 60 and variance 6 - 750/4 = 1125.

Because the number of pickup coins that Josh spots

is Poisson with mean 6(3/4) = 4.5, we can also view

the amount picked up as a compound Poisson ran-
N

dom variable S = z X; where N is Poisson with

i=1
mean 4.5, and (with 5 cents as the unit of mea-
surement) the X; are equally likely to be 1, 2, 3.
Either use the recursion developed in the text or
condition on the number of pickups to determine
P(S = 5). Using the latter approach, with P(N =
i) = e +3(4.5) /!, gives

P(S =5) = (1/3)P(N = 1) + 3(1/33P(N = 3)

+ 4(1/3)*P(N = 4) + 5(1/3)°P(N = 5)
94. Using that E[N] = rw/(w + b) yields
P{M —1=n}

4+ DP{N=n+1}
B E[N]

(n+1)<ni1><r_:_1>(w+b)

rw
r

Using that
w
(n+1)(n+1) _(w—=1\ w+b
w “\n <w+b)
r
p
_ 1
T (w4+b-1
r—1
shows that

("2 ) (ns)
{M-1=n}=
P{M—-1=n (wj_b11>

k
iaiPy_1,,1(k —1)
-1

rw

Pw,r(k) = mi

Whenk =1

( b )
rw r—1
PZU,?’(l): w+bal <w+b1)

r—1

95. With a = P(S;, < 0 for all n > 0), we have
—E[X]=a=p_18

96. With P = e_’\Aj/j!, we have that N, the number
of children in the family of a randomly chosen
family is

P, ‘
PN =j) =5l ==, j>0
Hence,
PIN-1=ky=e *X/k!, k>0



Chapter 4

1 4
1. Py=1, Pyy==, Pryy=-, P3p=1
01 10 9 21 9 32
4 4
P11 ==, Pyp=-
11 9 22 9
4 1
Pip=—, Py3=—
12 9 23 9
2,3.
(RRR) (RRD) (RDR) (RDD) (DRR) (DRD) (DDR) (DDD)
(RRR)|| .8 2 0 0 0 0 0 0
(RRD) 4 6
(RDR) 6 4
(RDD) 4 6
= (DRR)|| 6 4
(DRD) 4 6
(DDR) 6 4
(DDD) 2 8

where D = dry and R = rain. For instance, (DDR)
means that it is raining today, was dry yesterday,
and was dry the day before yesterday.

. Let the state space be S = {0,1,2,0,1,2}, where
state i(i) signifies that the present value is i, and
the present day is even (odd).

. Cubing the transition probability matrix, we obtain
P3:
13/36 11/54 47/108

4/9  4/27 11/27
5/12  2/9 13/36
Thus,

E[Xs]=P(X3 =1) + 2P(X3 = 2)
1 1, 1.4
=1P81 + P+ 5P
1 1 1
+2 ZP82 + ZPi’z + Esz

. Itisimmediate for n = 1, so assume for n. Now use

induction.

Py + P}, = P31P1p + P33Py + P3Pay
(.2)(.5) + (.8)(0) + (.2)(0) + (.8)(.2)
=.26

36

8.

10.

11.

Let the state on any day be the number of the coin
that is flipped on that day.

7 3
E= {.6 .4]
and so,

.67 .
P- |5
and
P {.667 .333}
= .666 .334
Hence,
1

5 [P%l + pgl} = 6665

If we let the state be 0 when the most recent flip
lands heads and let it equal 1 when it lands tails,
then the sequence of states is a Markov chain with
transition probability matrix

73
6 4
The desired probability is Pé/o = .6667

It is not a Markov chain because information about
previous color selections would affect probabili-
ties about the current makeup of the urn, which
would affect the probability that the next selection
is red.

The answer is 1 — PS,Z for the Markov chain with
transition probability matrix

S5 4.1
343
001

P4
The answer is 21'31 for the Markov chain with
— 120
transition probability matrix
1 00
343
235
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The result is not true. For instance, suppose that
PO,l = PO,Z = 1/2,P1,0 = 1,P2,3 = 1. Given XO =0
and that state 3 has not been entered by time 2, the
equality implies that X; is equally likely to be 1 or
2, which is not true because, given the information,
X is equal to 1 with certainty.

Py = S PyPy >0

(i) {0,1,2} recurrent.
(i) {0,1,2,3} recurrent.
(iii) {0,2} recurrent, {1} transient, {3,4} recurrent.

(iv) {0,1} recurrent, {2} recurrent, {3} transient,
{4} transient.

Consider any path of states iy = i,i1,1p,...,iy =
such that P;; , > 0. Call this a path from i to j.
If j can be reached from i, then there must be a
path from i to j. Let iy, ..., i, be such a path. If all
of the values iy, ..., i, are not distinct, then there
is a subpath from i to j having fewer elements (for
instance,if7,1,2,4,1,3,jisapath, thensoisi,1,3,j).
Hence, if a path exists, there must be one with all
distinct states.

If Pjj were (strictly) positive, then Pj; would be 0
for all n (otherwise, i and j would communicate).
But then the process, starting in i, has a positive
probability of at least P; of never returning to i.
This contradicts the recurrence of i. Hence P;; = 0.

n

z{ Yj/n — E[Y] by the strong law of large num-
i=
bers. Now E[Y] = 2p — 1. Hence, if p > 1/2, then
E[Y] > 0, and so the average of the Y;s converges

in this case to a positive number, which implies
n

that ZYZ' — oo as n — oo. Hence, state 0 can be
1

visited only a finite number of times and so must
be transient. Similarly, if p < 1/2, then E[Y] <O,
n

and so lim ) Y;=—oo, and the argument is
1
similar.

If the state at time 1 is the 1" coin to be flipped then
a sequence of consecutive states constitutes a two-
state Markov chain with transition probabilities

Pi1=6=1-P1y Pr1=5="P,
(a) The stationary probabilities satisfy
m =.6m + .5mp
m+m=1

19.

20.

21.

Solving yields that 71 = 5/9, m, = 4/9. So the pro-
portion of flips that use coin 1is 5/9.

(b) Pi, = .44440

The limiting probabilities are obtained from

ro=.7rg + .51
r1=.4rp 4+ 2r3
1o =.3rg + .5rq

ro+r +rp+r=1
and the solution is

1 3 3 9

7’021/ " = 35

The desired result is thus

2
1’0+1’1=g

m

If ZPZ-]- =1forallj, thenr; =1/(M + 1)
i=0

satisfies

m m
=2 1Py =1
i=0 0

Hence, by uniqueness these are the limiting prob-
abilities.

The transition probabilities are

p_[1-3a, ifj=i
W ey ifj£i

By symmetry,
Pr=laopy, i
1 3 v ]

So, let us prove by induction that

1
Y i30 sy, ifj=i
o _ )47
v Lo Yaaay, i
i 1 ' J

As the preceding is true for n = 1, assume it for n.
To complete the induction proof, we need to show
that

+ §(1 —4a)"1,  ifj=i
prtl — 4
1]

N N

- %(1 —4a)™,  ifj#i
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Now,
P =P Py i+ Y PPy
i
_ (i 20 4a>")(1 ~30)
+3 (i - i(l —4a)”> o
= 31 + Z(l —4a)"(1 —3a — )
1

_ 3 n+1

By symmetry, for j # i

1 1
pr+l pr+l
Z+_§(17 Z‘Jr)_ii

and the induction is complete.

%(1 _ 4a)n+1

By letting n — oo in the preceding, or by using that
the transition probability matrix is doubly stochas-
tic, or by just using a symmetry argument, we
obtain that m; = 1/4.

Let X, denote the value of Y;; modulo 13. That is,

Xy, is the remainder when Y, is divided by 13. Now

X, is a Markov chain with states 0,1, ...,12. It is

easy to verify that ) P; = 1 for all j. For instance,
1

forj=3:
Zpij =Py3+ P13+ Po,3 + P12,3+ P11,3 + P13
l 1 1 1 1 1 1

=6+6+6+8+8+8=1

Hence, from Problem 20, r; = %

(a) Letting 0 stand for a good year and 1 for a bad
year, the successive states follow a Markov chain
with transition probability matrix P:

(V3 33)

Squaring this matrix gives P?:
5/12 7/12
7/18 11/18
Hence, if S; is the number of storms in year i then
E[S1] = E[$1]|X1 = 0]Pgo + E[S1]X1 = 1]Pn
=1/2+3/2=2
E[Sa] = E[S| Xz = 01P, + El[S2| X, = 11PG;
=5/12 +21/12 =26/12
Hence, E[S1 + Sp] =25/6.

24,

25.

(b) Multiplying the first row of P by the first column
of P2 gives

P3,=5/24 +7/36 =29/72

Hence, conditioning on the state at time 3 yields

29
P(S3=0) = P(S3 =0|X3=0) = + P(S3 =0|X3=1)

72
72 72 72

(c) The stationary probabilities are the solution of

1
70 = 05 +7T1§

m+m =1

giving

7T0=2/5, ™ =3/5

Hence, the long-run average number of storms is
2/5+3(3/5) =11/5.

Let the state be the color of the last ball selected,
call it 0 if that color was red, 1 if white, and
2 if blue. The transition probability matrix of this
Markov chain is

1/5 0 4/5
p=1|2/7 3/7 2/7
3/9 4/9 2/9

Solve for the stationary probabilities to obtain the
solution.

Letting X, denote the number of pairs of shoes
at the door the runner departs from at the begin-
ning of day n, then {X,} is a Markov chain with
transition probabilities

Pi,i = 1/4, O<i<k
Pi,ifl = 1/4, O<i<k
Piri = 1/4, 0<i<k

Piroiy1 = 1/4, 0<i<k

The first equation refers to the situation where the
runner returns to the same door she left from and
then chooses that door the next day; the second to
the situation where the runner returns to the oppo-
site door from which she left from and then chooses
the original door the next day; and so on. (When
some of the four cases above refer to the same tran-
sition probability, they should be added together.
For instance, if i = 4, k = 8, then the preceding
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states that P; ; = 1/4 = P; x_;. Thus, in this case,
P4,4 = 1/2) AISO,

P0,0=1/2
Pox=1/2
Pk,k=1/4
Pro=1/4
P11 = 1/4
Pry_1=1/4

It is now easy to check that this Markov chain is
doubly stochastic—that is, the column sums of the
transition probability matrix are all 1—and so the
long-run proportions are equal. Hence, the propor-
tion of time the runner runs barefooted is 1/(k + 1).

Let the state be the ordering, so there are n! states.
The transition probabilities are

1

Ve i) G i1 B it e i) =

P(i
It is now easy to check that this Markov chain is
doubly stochastic and so, in the limit, all n! possible

states are equally likely.

The limiting probabilities are obtained from

1

o = §7’1
4 4

rno=ro+ 9" + 9"

4 4
1y = §1’1 + §7’2 + 13
ro+r+rnt+ry=1
and the solutionis 1y = 13 = l, r=r= Z

20 20

Letting 7, be the proportion of games the team
wins then

Tw = 7Tw(-8) + (1 - 7Tw)(~3)

Hence, m, =3/5, yielding that the proportion of
games that result in a team dinner is 3/5(.7) +
2/5(.2) = 1/2. That is, fifty percent of the time the
team has dinner.

Each employee moves according to a Markov chain
whose limiting probabilities are the solution of

IT,= 711, + 211, + 111,
sz '2H1 -|-.6H2 + .41_[3
IL + 1L, +1I,=1

30.

31.

32.

Solving yields H1 =6/17, H2 =7/17, H3 =

4/17. Hence, if N is large, it follows from the law
of large numbers that approximately 6, 7, and 4 of
each 17 employees are in categories 1, 2, and 3.

Letting X, be 0if the n'” vehicle is a car and letting it
be 1if the vehicle is a truck gives rise to a two-state
Markov chain with transition probabilities

Poo = 4/5,
P1o = 3/4,

Py1 =1/5
Pn=1/4

The long-run proportions are the solutions of

T = *1’0+§1’1
5 4
1
4 gi’o—l-zi’]
ro+ 1 =

Solving these gives the result

Lo _4
199 TT 19

That is, 4 out of every 19 cars is a truck.

ro =

Let the state on day #n be 0 if sunny, 1 if cloudy, and 2
if rainy. This gives a three-state Markov chain with
transition probability matrix

| 0 1 2
0 0 /2 1/2
P=1 | 1/4 1/2  1/4
2 | 1/4 1/4 172

The equations for the long-run proportions are

1 1
1’0:*7’1-}-11’2

4
r—1r+1r+1r
1= ;T3
r—lr—i—}r—i-lr
2=5hhTynTsn

ro+nrn+mn=1

By symmetry it is easy to see that ry =r,. This
makes it easy to solve and we obtain the result

1 2 2

T’OZE, 7’1=gr 7’225

With the state being the number of off switches this
is a three-state Markov chain. The equations for the
long-run proportions are
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1 1
ro=-—"ro+ -1+

2,
16 4 16 2

r1=§r0+1r1+§r2
8 2 8

ro+ri+mn=1

This gives the solution

ro =2/7,

n=3/7, r=2/7

Consider the Markov chain whose state at time # is
the type of exam number 7. The transition proba-
bilities of this Markov chain are obtained by condi-
tioning on the performance of the class. This gives
the following:

Py = .3(1/3) + .7(1) = .8
P, =Pi3=.3(1/3) = .1
Py = 6(1/3) + 4(1) = .6
Py = Pps = .6(1/3) = .2
P31 = 9(1/3) + .1(1) = 4
Py = P33 = 9(1/3) = .3

Let r; denote the proportion of exams that are type
i,i =1,2,3. Ther; are the solutions of the following
set of linear equations:

rn=.8r+.6rn+4r;3

rn=1r+2r+ .3

rn+rn+rn=1

Since Pjp=DP;3 for all states i, it follows that
rp = r3. Solving the equations gives the solution

r =5/7, 7’2:1’3:1/7

(@) m, i =1,2,3, which are the unique solutions
of the following equations:

T = (o7 + P373
Ty = P17 + 4373
m+m+ry=1

(b) The proportion of time that there is a counter-
clockwise move from i that is followed
by 5 clockwise moves is mqipi—1PiPit1
pitopits, and so the answer to (b) is

3
D1 TiliPi—1PiPi+1Pi+2pi+s. In the pre-
ceding, po = p3, P4 = P1,P5 = P2, P6 = P3-

35.

36.

37.

38.

39.

40.

41.

The equations are

1 1 1
ro=1rm-—+ =71+ =13+ —-r14

2 3 4
r—lr—i—}r —i—lr
1—22 33 44
r—lr—i-fr
2—33 44
ra=xy
3—44
rg =19

ro+ri+ 1+ 13+ rg=1

The solution is

ro =14 = 12/37, r = 6/37, ry = 4/37,
r3 = 3/37
(@) poPo,o + p1Po,1 = 4po + 6p1

(b) poPj o + p1Pg,1 = 2512pg + .7488p;
(©) pomo + p1m1 = po/4 + 3p1/4
(d) Not a Markov chain.

Must show that
k
7Tj = 2 Wipi,j
1

The preceding follows because the right-hand side
is equal to the probability that the Markov chain
with transition probabilities P; ; will be in state j
at time k when its initial state is chosen according
to its stationary probabilities, which is equal to its
stationary probability of being in state ;.

Because j is accessible from i, there is an n such that
Pj; > 0. Because ;P ; is the long-run proportion
of time the chain is currently in state j and had been
in state i exactly n time periods ago, the inequality
follows.

Because recurrence is a class property it follows
that state j, which communicates with the recur-
rent state i, is recurrent. But if j were positive recur-
rent, then by the previous exercise i would be as
well. Because 7 is not, we can conclude that j is null
recurrent.

(a) Follows by symmetry.

(b) If m; = a > 0 then, for any n, the proportion
of time the chain is in any of the states 1,...,n
is na. But this is impossible when n > 1/a.

(@) The number of transitions into state i by time
n, the number of transitions originating from
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state i by time #, and the number of time peri-
ods the chain is in state i by time 7 all differ
by at most 1. Thus, their long-run proportions
must be equal.

(b) riPj; is the long-run proportion of transitions
that go from state i to state j.

(c) Zj riPjj is the long-run proportion of transi-
tions that are into state j.

(d) Sincer; is also the long-run proportion of tran-
sitions that are into state j, it follows that

}’]‘ = z riPi]-
]

(a) This is the long-run proportion of transitions
that go from a state in A to one in A°.

(b) This is the long-run proportion of transitions
that go from a state in A° to one in A.

(c) Betweenany two transitions from A to A there
must be one from A to A. Similarly between
any two transitions from A to A there must
be one from A to A°. Therefore, the long-run
proportion of transitions that are from A to A
must be equal to the long-run proportion of
transitions that are from A° to A.

Consider a typical state—say, 1 2 3. We must show

H123 = H123 P123,123 + 1_[213 P13,123

P
+ H231 231,123

Now P123,123 = P213,123 = P231,123 = P71 and thus,

H123 =P [H123 + H213 + H231}

We must show that

L. - PP, L. - PP, IL. - P,P;
123 1-p;/iloz ™ 1-p,’ll31 ™ 1-p,

satisfies the above, which is equivalent to

P,P;
1-P,

PPy
1-P,

+

mm:m{

Py
= P>(P P
15, 2(P1 + P3)

=PyP, sinceP1+P3=1-P,

By symmetry all of the other stationary equations
also follow.

44.

45.

46.

Given X;;, X;,—1 is binomial with parameters m and
p = Xu/m. Hence, E[Xy11|Xn] = m(Xy/m) = X,
and so E[X;41] = E[Xu]. So E[X,] = i for all n.
To solve (b) note that as all states but 0 and m are
transient, it follows that X, will converge to either
0 or m. Hence, for n large

E[X;] = mP{hits m} + 0 P{hits 0}
= mP{hits m}

But E[X,,] = i and thus P{hits m} =i/m.

(a) 1, since all states communicate and thus all are
recurrent since state space is finite.
(b) Condition on the first state visited from 1.
N—-1
X; = zpi]'x]‘—FPiN, i=1,..., N—-1
j=1

Xg = 0, XN = 1
(c) Must show
i NS
N zi Npij + Pin
]:

M=z
Z|-

j=0
and follows by hypothesis.

(a) Letthe state be the number of umbrellas he has
athis present location. The transition probabil-
ities are

Po,y =1,Pi,_i=1=pPiriz1=p,
i=1,..,r
(b) We must show that 7; = 2 7 Pjj is satisfied by
1
the given solution. These equations reduce to

Ty =T + TP

T = 7Tr,]'(1 —-p)+ Tr—j+1Ps j=1,...,r-1

mo=mr(1 —p)

and it is easily verified that they are satisfied.

_ P

(©) pmo= "= p

dlpd-p| _@-p)A-2p)+pd-p)
@) -1 = 3

pL4-p @-p
_ P> —8p+4
(4-py
pPr-8p+d=0=p= _2\/478:55
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{Yy,n > 1} is a Markov chain with states (7, j).
0, ifj#k
P, jx,0) = { Py, ifj=k

where Pj, is the transition probability for {X, }.
nh—>moo P{Y, =)} = h?l;np{Xn =1, Xp1 =]}
= lirlzn [P{X,, = i}Py]
= 1iPj
Letting P be the desired probability, we obtain
upon conditioning on X, _;_1 that

P= 2 PXy—k—1#0, Xpp—k = Xin—k41 =" = Xm—1

i£0
=0, Xpn # 0|Xpp—k—1 = )i
= Pip(Po0) (1 — Po)m;
i£0
= (Po,0)*"1(1 — Po,p) X, miPio
i£0
= (Po0) (1 — Poyp) (2 miPip — 7roPo,o>
1
= (Po,0)* (1 — Po,)(m0 — moPo,0)

(a) No.
lim P{X, =i} = pri(i) + (1 — p)r*(i)

(b) Yes.
Pij = ppf]l) +(1- p)Pl(]2)

Using the Markov chain of Exercise 9, 1, ; =1/.3,
i, = 1/.6. Also, the stationary probabilities of this
chain are 7, = 2/3, m; = 1/3. Therefore,

1

BB BB ~ 87

E[A(t, )] =
giving
E[N(tththtt)| Xo = h] = E[N(t, )| Xo = h]

+ E(A(t, 1)]
Also,

EIN(t,1)|Xo = h] = EIN($| Xo = h]
13
= 12 =10.8

Therefore, E[N (tththtt)| Xy = h] = 589.5

1
TR

52.

53.

54.
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Let the state be the successive zonal pickup loca-
tions. Then P4 4=.6, Pp 4 =.3. The long-run
proportions of pickups that are from each zone are

A = .64 + 31 = .64 + 3(1 —74)

Therefore, 74 = 3/7, 73 = 4/7. Let X denote the
profit in a trip. Conditioning on the location of the
pickup gives

E[X]= ;E[X|A] + ;E[X|B]

- ;[.6(6) +.4(12)] + é[.3(12) +.7(8)]
=62/7

With 7;(1/4) equal to the proportion of time
a policyholder whose yearly number of acci-
dents is Poisson distributed with mean 1/4 is in
Bonus-Malus state i, we have that the average pre-
mium is
2 1
5(326.375) + 5[2007r1(1 /4) + 250m,(1/4)

+ 40073(1/4) + 60074(1/4)]

E[X;11] = E[E[X;;11[Xn]]

Now given X,

-X
Xy +1, with probability M — X
Xns1 = X
Xy —1, with probability —-
M
Hence,
M-X, X
E[Xn+1|Xn] =Xn + M g Mn
2X
=X, +1- M"
2
and so E[X,, ;1] = {1 - M} E[X,] + 1

It is now easy to verify by induction that the
formula presented in (b) is correct.

S11 = P{offspring is aa | both parents dominant}

_ P{aa, both dominant}
P{both dominant}

1
7’2 1 _ r
1-9?% 4(1—g)?

2
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P{aa, 1 dominant and 1 recessive parent}
P{1 dominant and 1 recessive parent}

S10=

_ P{aa, 1 parent aA and 1 parent aa}
291 —q)

This is just the probability that a gambler starting
with m reaches her goal of n + m before going
1-@/p)"

broke, and is thus equal to ——~——,
T

whereqg =1 —p.

Let A be the event that all states have been visited
by time T. Then, conditioning on the direction of
the first step gives

P(A) = P(A|clockwise)p
+ P(A|counterclockwise)q

_1-—9q/p 1-p/q
P g)py +ql—(rﬂ/q)”

The conditional probabilities in the preceding
follow by noting that they are equal to the proba-
bility in the gambler’s ruin problem that a gambler
that starts with 1 will reach n before going broke
when the gambler’s win probabilities are p and 4.

Using the hint, we see that the desired proba-
bility is
P{Xyy1 =1+ 1X,, =i}
P{limX,y, =N|Xy =i, X, +1=i+1}
P{limX,, = N|X,, =1}

pPi+1
P;

and the result follows from Equation (4.74).
Condition on the outcome of the initial play.

With Py = 0, Py = 1
Pi=aPiy1 +(1—a)Piy, i=1,...,N-1
These latter equations can be rewritten as

Pii1 —P; = Bi{(P; — Pi—1)

62.

64.

65.

where 3; = (1 — «;)/a;. These equations can now
be solved exactly as in the original gambler’s ruin
problem. They give the solution

i—1
1+ Y7, C
P = %_11] i=1,.,N-1
1+ Zj=1 C]‘
where
j
G=]Is
i=1
(c) PN—i, whereq; = (N —1i)/N
(a) Since r; = 1/5 is equal to the inverse of the

expected number of transitions to return to
state i, it follows that the expected number of
steps to return to the original position is 5.

(b) Condition on the first transition. Suppose it
is to the right. In this case the probability is
just the probability that a gambler who always
bets 1 and wins each bet with probability p
will, when starting with 1, reach y before going
broke. By the gambler’s ruin problem this
probability is equal to

d-ap

1—(a/p)

Similarly, if the first move is to the left then
the problem is again the same gambler’s ruin
problem but with p and g reversed. The desired
probability is thus

p-q _ _q4-p
1-@/p) 1-(/9)"
oo oo
@@ E|Y XiXo=1|= Y E[X|Xo=1]
k=0 k=0
o
1
k
k=0 L—n
X n
(b) E Xe|Xo=n| =
k=0 L—p
r >0 = P{Xy = 0}. Assume that

r > P{X,_1 =0}
P{X,=0=Y P{X, =0/, = j}P,

]
= Y [P{X,_1 = }'P;
]
< Y. 1'P;
j

=71
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—_

(a) 7’0=§
(b) ro=1
(c) roz(\@—1>/2

(@) Yes, the next state depends only on the present
and not on the past.

(b) One class, period is 1, recurrent.

N_i
() Piiy1=P Nl, i=01,..,N-1
Piii=( —P)i, i=12,..N
i (N —1i)
Pjj=P= +(1- , i=0,1,...,N
ii N+( p) N

(d) See (e).

() ri= mpf(l—p)N—i, i=0,1,.,N

(f) Direct substitution or use Example 7a.

N-1
(g) Time = 2 T;, where T; is the number of
J=1
flips to go from j to j + 1 heads. T; is geo-
metric with E[T;]=N /j. Thus, E[time] =

N-1
2, NJ/j.
j=i

(a) ZriQij = Zi’jpji = ijpji = 7’]‘
[ i i

(b) Whether perusing the sequence of states in
the forward direction of time or in the reverse
direction the proportion of time the state is i
will be the same.

r(ny,..., ny,) = ——
S e )

We must now show that

n+1 1
r(nl,...,nl‘—l,...,n]‘+1,...) ]M m
i 1
= 7’(1’[1,...,ni,...,n]‘,...)Mm

AL M hich foll
O =Dl + D gt OO

(m —i)? i2

@ Piiy1="— 75—, Piis1=_3
2i(m — i)
Pijj=— 77—

71.

72.

73.

74.

(b) Since, in the limit, the set of m balls in urn 1 is
equally likely to be any subset of m balls, it is
intuitively clear that

OIEH N0
(n)

~ (2m
m
(c) We must verify that, with the 7; given in (b),

7iPj i1 = mig1Piya,i

That is, we must verify that
m m
. i+
(m z)(i) (i+ )(i—i—l)
which is immediate.

If r; —cﬁ then
] pﬁ’

P,'jP]-k
riPy =c———
J5 ] Pji
P; Py
Jkkj
I’kPk' =cC
! Dy

and are thus equal by hypothesis.

Rate at which transitions from i to j to k occur =
riPijPj, whereas the rate in the reverse order is
1k Py;Pji. So, we must show

1iPijPjic = 1 PyjPji

Now, 1;P;iPj = 1jPjiPj by reversibility
= 1iPjP;i
= 1 PyiPji by reversibility

It is straightforward to check that r;P;; = r;Pj;. For
instance, consider states 0 and 1. Then

ropor = (1/5)(1/2) =1/10

whereas

rip1o = (2/5)(1/4) =1/10

(@) The state would be the present ordering of the
n processors. Thus, there are n! states.

(b) Consider states x = (x1, ..., Xi—1, Xi, Xi+1, ---, Xn)
and x! = (X, Xim1,Xi11, X, ..., Xn). With g;
equal to 1 — p; the time reversible equations
are

i—1 i—1
1
ger M || [REACO e |
k=1 k=1
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or

r(x) = (qxiJrl /pxi+1) (11x1/Pxi> B r (xl)

Suppose now that we successively utilize the above
identity until we reach the state (1,2,...,n). Note
that each time j is moved to the left we multiply
by g; /pj and each time it moves to the right we

multiply by (4;/p;)
position j, is to have a net move of j — x; positions to
the left (so it will end up in positionj — (j — xj) = x;)
it follows from the above that

1@ =CT] (ay/py) i
]

~1. Since xj, which is initially in

The value of C, whichisequal tor(1,2, ..., n), canbe
obtained by summing over all states x and equating
to 1. Since the solution given by the above value
of r(x) satisfies the time reversibility equations it
follows that the chain is time reversible and these
are the limiting probabilities.

The number of transitions from i to j in any interval
must equal (to within 1) the number from j to i since
each time the process goes from i to j in order to get
back to 7, it must enter from j.

We can view this problem as a graph with 64
nodes where there is an arc between 2 nodes if
a knight can go from one node to another in a
single move. The weights on each are equal to 1. It is
easy to check that Y Y wj; = 336, and for a corner
L
node i,Zwij = 2. Hence, from Example 7b, for
]

one of the 4 corner nodes i, H =2/336, and thus

1
the mean time to return, which equals 1/r;, is
336/2 = 168.

(a) ;y;’ﬁ;% [;a"f{xﬁf,an:a}]
=Eg [;angl{xn_j,un—a}]
=Eg [;anl{xnzj}]

(b) ;;w =Ep [gﬂ" ]Zl{xn =j}]

=Eﬁ[2”n} - 1E

«

2 Yja
a

= b] + Eﬁ z :a”l{Xn:]»}]

Ln=1

r o0
1
=bj + Ep ZOW Lix, =f}]
L=

s
= b] + Eﬁ z :an+1zI{Xn:i,an:u}
i,a

| n=0

I(Xn-H ZJ}]
[o¢]
= b+ X " Y Eg|lix, 2.0, -0} | Pi@)
n=0 ia

= b] ta 2 ZunEﬁ [I(Xn =1, ap =a}i| pl](a)

i,a n

= b] + aZymPij(a)

ia

(c) Letd, , denote the expected discounted time
the process is in j, and a is chosen when policy
3 is employed. Then by the same argument as
in (b):

2 dja
a

= b] +azzanEﬁ[l{X” = i’ I :[,Z}] Pl](a)

ian

=bj+a Y X a"Es|lix,_ ] Zm Pyi(a)

ia n
a

=b+aY Y diy <"DPy(a)

ia a Zy

a

and we see from Equation (9.1) that the above
is satisfied upon substitution of dj; = y;,. As

1
it is easy to see that 21. . diy = T the result

follows since it can be shown that these linear
equations have a unique solution.

(d) Follows immediately from previous parts.
It is a well-know result in analysis (and
easily proven) that if lim, o0 a,/n = a then
lim, oo 2? a;/n also equals a. The result fol-
lows from this since
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EIR(X,)] = Y R(IP(X, =}
)
= Y RO,

78. Let 7j,j > 0, be the stationary probabilities of the
underlying chain.

@ ¥, mpGl)
mip(slf)

(b) p(jls) = 3 sl



1. (a) e !

Chapter 5

(b) ¢!

2. Let T be the time you spend in the system; let S; be

the service time of person i in the queue: let R be
the remaining service time of the person in service;
let S be your service time. Then,

E[T]=E[R+ S1+ Sp + S3 + S4 + S]

4
=E[R] + Y, E[Si] + E[S] =6/
i=1

where we have used the lack of memory property

to conclude that R is also exponential with rate .

. The conditional distribution of X, given that
X > 1, is the same as the unconditional distribution
of 1 + X. Hence, (a) is correct.

@O ) 5 © g

. e ! by lack of memory.
. Condition on which server initially finishes first.
Now,

P{Smith is last|server 1 finishes first}

= P{server 1 finishes before server 2}
by lack of memory

N A+ A
Similarly,
s . . A2
P{Smith is last|server 2 finished first} =
A1+ A

and thus

) ]
M+ A+ X

P{Smith is last} = [

47

7. P{X;1 < Xo| min(Xy, Xp)= t}

11.

_ P{X; < Xp, min(Xy, Xp) = t}
a P{min(Xy, Xp) =t}

B P{X; =t,X >t}
S P{Xy=tXo >t} + P{Xa=tX; >t}
__ _hOR®)
AOF () + f(O)F1(1)
Dividing though by F;(t)F,(t) yields the result.

(For a more rigorous argument, replace " = t”
by ” € (t,t + €)” throughout, and then let e — 0.)

Let X; have density f; and tail distribution F;.

iP{T = i}fi(t)

r(t) = =1

> P{T =j}Fj(t)
=

S P(T = i}ri(OF: (1)
_ =

2 PAT = j}Fi(t)
j=1

The result now follows from
P{T = i}Fi(t)
n

P{T = j}F;(t)
=1

P{T=i|X >t} =

J

Condition on whether machine 1 is still working at
time £, to obtain the answer,

_ _ A1
T—e Nt gt 2L
AL+ A2

(a) Using Equation (5.5), the lack of memory prop-
erty of the exponential, as well as the fact that
the minimum of independent exponentials is
exponential with a rate equal to the sum of
their individual rates, it follows that

np
P(A1) = T
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and, forj > 1,

(m—j+Dpu

Pl A = e

Hence,

n .
_ (m—j+Dp
p_g)\+(nj+1)u

(b) Whenn =2,
P{maxY; < X}

o
= / P{max Y; < X|X = x}xe Ndx
OOO
:/ P{max Y; < x} e~ dx
OOO
:/ (1 — e M2 \e™ My
0

o0
= / (1 — 2 % 4 g7 2H5)2 \ o= Ay
0

2\ A
=1--=2 4 _
A4 24+ A
Z,uz

T+ O+ 20)

12. (a) P{Xl <Xy < X3}
= P{X; = min(Xj, X5, X3)}

P{X; < X3|X; = min(Xy, Xy, X3)}

A

=—————P{X5, < X3|X
AMF+ A+ A3 {2 3|1
= min(XllXZI X3)}
M Ao

- M+ A+ A3+ A3
where the final equality follows by the lack of
memory property.

(b) P{X; < X3|X; = max(Xy, X, X3)}

P{X; < X3 < X1}
T P{Xa < Xz < X1} + P{X3 < X5 < X1}
A2 A3
MAX+H A+ A3

Ao A3 A3 A2

+
AMA X+ A+ A3 AMAX+3 A+
1/(M + As)
/(A1 + A3) +1/(M + A2)
1 n 1 +i
A+ A+ A3 + A+ A3 A3

(©)

13.

ik M+ A+ N3 >‘j+>‘k M+ X+
T
A+ M N

where the sum is over all 6 permutations of 1, 2, 3.

Let T,, denote the time until the nth person in line
departs the line. Also, let D be the time until the first
departure from the line, and let X be the additional
time after D until T;,. Then,

E[T.] =E[D] + E[X]

1 n—1)0+p
Cnb+p nd + u

E[Tn—l]

where E[X] was computed by conditioning on
whether the first departure was the person in line.
Hence,

E[Tn] =An + BnE[Tn—l]
where

1 (=10 +p
Conf+ T )

An
Solving gives the solution
n—1 n
ElTl=An+ X Avi [] B
i=1 j=n—i+1

n—1

—An+ Y 1/(n0 + p)
i=1

:n9~|—,u

Another way to solve the preceding is to let [; equal
1 if customer 7 is still in line at the time of the (j —
1)* departure from the line, and let X; denote the

time between the (j — 1)* and j departure from
line. (Of course, these departures only refer to the
first n people in line.) Then

n

Tp =Y IiX;
j=1

The independence of [; and X; gives

E[Ta] = 2 E[GIE[X]]
j=1

But,
E[I‘]:(n—1)9+u.”(n—j+l)0+u
] n + u n—j+2)0+u
z(n—j—i-l)e—i-u

nt + p
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1

E[Xflz(nfj+1)9+u

which gives the result.

(@) The conditional density of X gives that

X<cis
f®) Ae™M
X = =
fx|X <c) Plx < c} 1_e_)\c,0<x<c
Hence,

c
E[X|X <c]= /x/\e_)‘xdx/(l — e
0
Integration by parts yields

c c

c
/x)\e_)‘x dx = —xe M| + /e_)‘xdx
0 O %
=—ce M+ (1-e /A
Hence,

E[X|X <c]l=1/A—ce /(1 —e )

(b) 1/A=E[X|X <c](1—e ) + (c+ 1/N)e
This simplifies to the same answer as given in
part (a).

Let T; denote the time between the (i — 1)" and
the i failure. Then the T; are independent with T;
being exponential with rate (101 — 7)/200. Thus,

2 2, 200
E[T]= ) E[Ti] = .
i:zi Z{ 101 —i
5 5 2
_ N (200)
Var(T) = ,:21 Var(T;) = Zi 7(101 ~ i)2

(@) Supposeiandjareinitially begun, with k wait-
ing for one of them to be completed. Then

EIT]+ T}l + BT =4 + L+ Lo+ L

_V\3 1 1
- 241‘:l i + it

Hence, the preceding is minimized when p; +
1 is as large as possible, showing that it is opti-
mal to begin processing on jobs 2 and 3. Conse-
quently, to minimize the expected sum of the
completion times the jobs having largest rates
should be initiated first.

17.

(b) Letting X; be the processing time of job i, this
follows from the identity

3

Z(M—S)—FSZZXI'
i=1

which follows because if we interpret X; as the
work of job i then the total amount of work
is Z?zl X;, whereas work is processed at rate
2 per unit time when both servers are busy and
at rate 1 per unit time when only a single pro-
cessor is working.

(© EISI=P(:) + 1 POV
1

A A I A
d) P = <
@ P = =y < e T iAo
= P15(1)

(e) If u > Athen E[S]is minimized when P(u) is as
large as possible. Hence, because minimizing
E[S] is equivalent to minimizing E[M], it fol-
lows that E[M] is minimized when jobs 1 and
3 are initially processed.

(f) Inthiscase E[M]is minimized whenjobs1and
2 are initially processed. In all cases E[M] is
minimized when the jobs having smallest rates
are initiated first.

Let C; denote the cost of the i" link to be
constructed, i=1,...,n—1. Note that the first

link can be any of the possible links.

n
(2)
Given the first one, the second link must connect
one of the 2 cities joined by the first link with one of
the n — 2 cities without any links. Thus, given the
first constructed link, the next link constructed will
be one of 2(n — 2) possible links. Similarly, given the
first two links that are constructed, the next one to
be constructed will be one of 3(n — 3) possible links,
and so on. Since the cost of the first link to be built

is the minimum of exponentials with rate 1,

n
2
it follows that

E[Cy] = 1/(3)

By the lack of memory property of the exponential
it follows that the amounts by which the costs of
the other links exceed C; are independent exponen-
tials with rate 1. Therefore, C; is equal to C; plus
the minimum of 2(n — 2) independent exponentials
with rate 1, and so

E[Co] = E[C1] +

2(n —2)
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Similar reasoning then gives

EICs] = FIC:l + 50—

and so on.

(c) Letting A = X(3) — X(1) we have

E[X@)]
= E[X)] + E[A]
__ 1 1 m 1
L Rl ¥ S U e ol 1 R S W U5 W ol )

The formula for E[A] being obtained by condi-
tioning on which X; is largest.

(d) Letlequallif X; < X andletitbe 2 otherwise.
Since the conditional distribution of A (either
exponential with rate y1 or pp) is determined
by I, which is independent of X(y), it follows
that A is independent of X(y).

Therefore,
Var(Xp)) = Var(X) + Var(A)
With p = 11 /(i1 + p2) we obtain, upon condi-
tioning on I,
E[Al=p/i2 + 1 —-p)/m,

E[A%] =2p/u3 + 2(1 — p) /3
Therefore,
Var(A) = 2p/uj + 2(1 —p) /13

3 B 2
Thus, (/12 + (1 =p)/m)

VHV(X(z))
=1/(m1 + p2)* + 2p/13 + (1 = p)/ s3]
—(p/p2 + A= p)/m1)*

H1
a) Py=
@) Pa M1+ 2
2
M2
b) Pp=1—- | ——=—
®) P <M1+,u2>

() E[T1=1/p1 +1/pz + Pa/p2 + Pp/u2

E[time] = E[time waiting at 1] + 1/
+ E[time waiting at 2] + 1/u»

Now,
E[time waiting at 1] =1/p1,
M1
M1+ p2
The last equation follows by conditioning on

whether or not the customer waits for server 2.
Therefore,

E[time] = 2/p1 + (1/p2)[1 + p1 /(1 + p12)]

E[time waiting at 2] = (1/p2)

22. E[time] = E[time waiting for server 1] + 1/

23.

24,

+ E[time waiting for server 2] + 1/up

Now, the time spent waiting for server 1 is the
remaining service time of the customer with server
1 plus any additional time due to that customer
blocking your entrance. If server 1 finishes before
server 2 this additional time will equal the addi-
tional service time of the customer with server 2.
Therefore,

E[time waiting for server 1]
=1/u1 + E[Additional]
=1/m + 1/ palpr /(1 + 12)]

Since when you enter service with server 1 the cus-
tomer preceding you will be entering service with
server 2, it follows that you will have to wait for
server 2 if you finish service first. Therefore, condi-
tioning on whether or not you finish first

E[time waiting for server 2]
= (1/p2)lpa /(1 + p2)]
Thus,

E[time] = 2/pu1 + 2/ p2)[p1 /(1 + p2)] + 1/ 12

(@) 1/2.

(b) (1/2)""!: whenever battery 1 is in use and a
failure occurs the probability is 1/2 that it is
not battery 1 that has failed.

() /2",
(d) Tisthesum ofn —1independent exponentials
with rate 2y (since each time a failure occurs

the time until the next failure is exponential
with rate 2p).

i>1.

(e) Gamma with parameters n — 1 and 2.

Let T; denote the time between the (i — l)th and the
ith job completion. Then the T; are independent,
with T;,i=1,...,n — 1 being exponential with rate
. e H1
1 + po. With probabilit
a P Y M1+ 2
tial with rate yp, and with probability

, Ty is exponen-
M2
H2

itis

exponential with rate z1. Therefore,

n—1

E[T]= Y E[T] + E[T4]

i=1
1 1 1
— 1) LM L

H1 + 2 M1+M2172 u1+#zm
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n—1
Var(T) = Z Var(T;) + Var(Ty)
i=1

1
=n—-1)———= + Var(Ty)
(11 + 1) "
Now use
Var(T,) = E[T3] — (E[Ta])?
_m 2 p2 2
= i -
1+ p2 s Pt H2

_( mo 1 1)2
M1+ p2 p o 2 p

Parts (a) and (b) follow upon integration. For part
(c), condition on which of X or Y is larger and use
the lack of memory property to conclude that the
amount by which it is larger is exponential rate .
For instance, for x < 0,

fx —y(x)dx
=P{X <Y}P{-x<Y-X< —x+dx|Y > X}

1
= EAe/\xdx

For (d) and (e), condition on I.

1 Si ; 1
(a) + /1’1 =
L W T X iV S O Wl B ol L 1
_ 4
oy + mup + g
1 5
by —+@=—"""
M1+ po + p3 M1+ p2 + 43
H1
(a)
H1 + p3
(b H1 M2
M1+ p3 p + u3
1 2! p2 1
© 2 —+ —
T oM 3 g2+ 3 3
1 1 1
7M1t [ po pot pH3 p3
I M1 p2 1
M1+ p2 o p +p3 p2 t+ pH3 3
For both parts, condition on which item fails first.

Al

PR

i#1 Z)‘f J
=1

J#

b !

29. @) fxix+v@lo) =x x+Y(x,0)
= leXy(x, c—Xx)
=fx(x)fy(c —x)

=Cpe M M) < x <o

=Cae WMWY D<x<e

where none of the C; depend on x. Hence, we
can conclude that the conditional distribution
is that of an exponential random variable con-
ditioned to be less than c.

1—e =M1 4+ (A — p)e)

®) EIX|IX+Y=c]= e O

() c=EX+Y|X+Y=c]=EX|X+Y =]
+E[YIX+Y =]
implying that
E[Y|X +Y =]

1—e A=M1 + (A = p))
A1 — e~ Amhr)

30. Condition on which animal died to obtain

E[additional life]
= E[additional life | dog died]
A A
X Jj . + Eladditional life | cat died] - +C>\d
P VIS NP
_)\c)\c+)\d >‘d/\c+/\d

31. Condition on whether the 1 PM appointment is still
with the doctor at 1:30, and use the fact that if she or
he is then the remaining time spent is exponential
with mean 30. This gives

E[time spent in office]
= 30(1 — ¢730/30) 4 (30 + 30)e~30/%0
=30 + 30e~!

32. (a) no; (b) yes
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(a) By the lack of memory property, no matter
when Y fails the remaining life of X is expo-
nential with rate \.

(b) E[min(X,Y)|X >Y + ]
=Emin(X,Y)|X>Y,X-Y > ]
= E[min (X, Y) |X > Y]

where the final equality follows from (a).

A

A+ pia
A+ s ' A
At pa+ps A+ B

(a)

(b)

> =

+

==

Let k = min(n, m), and condition on M»(t).

P{N1(t) = n,Na(t) = m}

k
= D P{N1(t) = n,Na(t) = m|My(t) = j}
f= ,
o=t Q2t)
jl
k n—j m—j i
Cx ot AT Qet)™ T Gty
_Eae e mpt

(a) 196/2.5 =784
(b) 196/(2.5)*> = 31.36

We use the central limit theorem to justify approx-
imating the life distribution by a normal distri-
bution with mean 78.4 and standard deviation
V31.36 = 5.6. In the following, Z is a standard nor-
mal random variable.

(©) P(L<672}~P {z < 672784}

56
=P{Z < =2} = .0227

(d) P{L>90}zP{Z> 90_78'4}

5.6
=P{Z > 2.07} = .0192

(e) P{L > 100}zp{z > 100_78‘4}

5.6
=P{Z > 3.857} = .00006

The easiest way is to use Definition 5.1. It is easy
to see that {N(f),t > 0} will also possess station-
ary and independent increments. Since the sum of

41.

42.

43.

44.

45.

two independent Poisson random variables is also
Poisson, it follows that N(t) is a Poisson random
variable with mean (A1 + M)t

A /(A1 + A2)

(@) E[Ss]=4/A
(b) E[S4IN(1) =2]
=1 + E[time for 2 more events] =1 + 2/X
(c) EIN(4) = N(@2)IN(1) = 3] = E[N(4) - N(2)]
=2\
The first equality used the independent increments
property.

Let S; denote the service time atserveri,i = 1,2and
let X denote the time until the next arrival. Then,
with p denoting the proportion of customers that
are served by both servers, we have

p=P{X > 51+ S}
=P{X > S51}PX > 51 + 55|X > 51}

_m
p o+ A g2+ A
(a) €7>\T

(b) Let W denote the waiting time and let X denote
the time until the first car. Then

oo
E[W]= / E[W|X = x]Xe™Mdx
0
T
:/ E[W|X = x]Ae Mdx
0
o0
+/ E[W|X = x]he Mdx
T

T
=/ (x + E[W)Xe Mdx + Te=AT
0

Hence,

T
E(W]=T + e’\T/ xhe Mdx
0

E[N(T)] = E[E[N(T)|T]] = E[AT] = AE[T]
E[TN(T)] = E[E[TN(T)|T1] = E[TAT] = AE[T?]
EIN2(T)] = E [E[NZ(T)|T]} = EI\T + (\T)4]

= AE[T] + M2E[T?]
Hence,

Cov(T,N(T)) = AE[T?] — E[T]\E[T] = o>
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and
Var(N(T)) = AE[T] + NE[T?] — (\E[T])?
=\ + No?
N(b) N(b)
E[Y Xi]=E [E[Z XiIN(t)]]
i=1 i=1
= E[uN()] = pAt
N(t) N(b)
EIN() Y, Xi|=E lE[N(t) > XiN(t)]]
i=1 i=1
= E[uN?(t)] = p(\t + A21%)
Therefore,

N(t)
Cou(N(t), Y, Xi) = (At + N12) — AH(pAE) = pAt
i=1

(@ 1/2u) +1/A

(b) Let T; denote the time until both servers are
busy when you start with i busy servers i =
0,1. Then,

E[To]l = 1/X + E[T4]

Now, starting with 1 server busy, let T be the
time until the first event (arrival or departure);
let X = 1if the first event is an arrival and let it
be 0 if it is a departure; let Y be the additional
time after the first event until both servers are
busy.

E[T,] = E[T] + E[Y]

1 A
=——+ EY|X=1]——
A+ Y] ]/\+u

"
+ E[Y|X = 0]——
[Y1X =013

1 1%
=—— + E[T

A+ +El O])\ +p
Thus,

1 1 "
E[TO]—X—m‘FE[TO] N+
or

2\ +
EITo] = =5 &

Also,

A+

E[T1] = TM

48.

49.

50.

(c) Let L; denote the time until a customer is lost
when you start with i busy servers. Then,
reasoning as in part (b) gives that

Ello] = 3= + Elli]y 5 .
— 3 T+ ElLa)
—A}r—u+%+E[L ]Aiu
Thus,
E[L,] = % + ,u()\)\—;— 2

Given T, the time until the next arrival, N, the num-
ber of busy servers found by the next arrival, is a
binomial random variable with parameters n and
p=eHT.

(a) E[N]= / E[N|T = t]he Mdt

= /ne*“t)\e’)‘tdt = A
At

For (b) and (c), you can either condition on T, or
use the approach of part (a) of Exercise 11 to obtain

L TT (—j+Dp
P{N_O}_g)\+(ﬂ—j+1)ﬂ

P{N=n-i}

_ ﬁ(n—j+1)u
_)\—i—(n—i)u],:l)\—i-(n—j—i-l)u

(@) P{N(T)—N(s) =1} = (T —s)e 79

(b) Differentiating the expression in part (a) and
then setting it equal to 0 gives

e MT=9) = \(T — g)e=MT—9)
implying that the maximizing value is
s=T—-1/\

(¢) Fors=T—-1/)\ wehavethat \(T —s) = 1and
thus,

P{N(T)—=N(s) =1} = ¢!
Let T denote the time until the next train arrives;
and so T is uniform on (0, 1). Note that, conditional

on T, X is Poisson with mean 7T.

(a) E[X]= E[E[X|T]] = E[7T] = 7/2
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(b) E[X|T]1=7T, Var(X|T)=7T.By the conditional
variance formula
Var(X) = 7E[T] + 49Var[T] = 7/2 + 49/12 =
91/12.

Condition on X, the time of the first accident, to
obtain

E[N(t] = /0 ~ E[N(t)|X = s]8e%ds

= /t (1 + ot —s))Be™ds
0

This is the gambler’s ruin probability that, start-
ing with k, the gambler’s fortune reaches 2k
before 0 when her probability of winning each
bet is p=XA1/(A1 + X2). The desired probability is
1- (/M)
1= O/ M)%

(a) e

(b) e ! +e (8!

(@) P{L; =0} ="

(b) P{L; < x} = A"
(€ P{Ry =1} = A1=M
(d) P{R; > x} = A&=m

1
(e) E[R]:/O P{R > x}dx

1
=m+/ P{R > x}dx

m
1

=m+/ efn/\(xfm)dx
m

1— e—n)\(l—m)
=m—+ .
Now, using that

P{L>x}=1-P{L<x}=1- e nMm—x)

O<x<m
gives
E{L} = /m (1—e M=) gy = — ﬂ
0 ni
Hence,
E[R-1]= 1= 20 | 1o

2
NS when nis large

55. As long as customers are present to be served,
every event (arrival or departure) will, inde-
pendently of other events, be a departure with
probability p = /(A + w). Thus P{X =m} is the
probability that there have been a total of m tails at
the moment that the n*’" head occurs, when indepen-

dent flips of a coin having probability p of coming
up heads are made: that is, it is the probability that
the n'" head occurs on trial number 1 + m. Hence,

MX=nﬁ=(”ZT[1>wamm

56. (a) Itisabinomial (1, p) random variable.
(b) Itis geometric with parameter p.
(c) Itis anegative binomial with parameters 7, p.
(d) Let0< iy <ip,---<ir <n. Then,

P{events atiy, ..., i;|N(n) =r}
P{events atiy, ..., ir, N(n) =r}
B P{N(n) =1}
Pr(l _ p)n—r

n r n—r
(r)P 1-p)

57. (a) e
(b) 2p.m.

58. LetL; = P{i is the last type collected}.
Li ZP{Xi = maXx X]}
j=1,...n

=/ pie ¥ H (1 — e Pi¥)dx
0

j#i
1
=/ [Ta-yay @=er
0 ji
- [H(l — Urilpiy
j#i

59. The unconditional probability that the claim is type
1is 10/11. Therefore,

P(4000|1)P(1)
P(4000[1)P(1) + P(4000[2)P(2)
3 e *10/11
~e710/11 + 2¢7%1/11

P(1]4000) =
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(a) Poisson with mean cG(t).
(b) Poisson with mean c[1 — G(¢t)].
(c) Independent.

Each of a Poisson number of events is classified as
either being of type 1 (if found by proofreader 1
but not by 2) or type 2 (if found by 2 but not by 1)
or type 3 (if found by both) or type 4 (if found by
neither).

(@) The X; are independent Poisson random
variables with means

E[Xi]= Api(1 = p2),
E[Xo] = A1 = p1)p2,
E[X3]= Ap1p2,

E[X4] = A1 = p1)(1 = p2).

(b) Follows from the above.

(c) Using that (1 —p1)/p1 = E[X/E[Xs] =
X5/X3 we can approximate p; by X3/(Xo +
X3). Thus p; is estimated by the fraction of
the errors found by proofreader 2 that are
also found by proofreader 1. Similarly, we can
estimate p, by X3/(X; + X3).

The total number of errors found, X; + X, +
X3, has mean

E[X;1 + X2 + X3] = A[1 -1 —-p1)A —p2)]

- XX, ]
(X2 + X3)(X1 + X3)

Hence, we can estimate A by

:A[l

XXy
Kot 4%/ [1 Xz + X3)(X1 + X3)}
For instance, suppose that proofreader 1 finds
10 errors, and proofreader 2 finds 7 errors,
including 4 found by proofreader 1. Then X; =
6,Xy = 3,X3 = 4. The estimate of p; is 4/7,
and that of p, is 4/10. The estimate of A is

13/ (1 — 18/70) = 17.5.

(d) Since A is the expected total number of errors,
we can use the estimator of A to estimate
this total. Since 13 errors were discovered we
would estimate X4 to equal 4.5.

Let X and Y be respectively the number of cus-
tomers in the system at time ¢t 4- s that were present
at time s, and the number in the system att + s
that were not in the system at time s. Since there

are an infinite number of servers, it follows that
X and Y are independent (even if given the num-
ber is the system at time s). Since the service dis-
tribution is exponential with rate 1, it follows that
given that X(s) = n, X will be binomial with param-
eters n and p = e #. Also Y, which is indepen-
dent of X(s), will have the same distribution as X(¢).
t
Therefore, Y is Poisson with mean A / e Mdy

=AN1—e")/p O

(@) E[X(t+ s)|X(s) = n]
= E[X|X(s) = n] + E[Y|X(s) = n].
=ne M £ X1 —e M) /p

(b) Var(X(t + s)|X(s) = n)
= Var(X + Y|X(s) = n)

= Var(X|X(s) = n) + Var(Y)

=ne M1 —e My + N1 —e P/
The above equation uses the formulas for the

variances of a binomial and a Poisson random
variable.

(c) Consider an infinite server queuing system in
which customers arrive according to a Poisson
process with rate A, and where the service
times are all exponential random variables
with rate p. If there is currently a single cus-
tomer in the system, find the probability that
the system becomes empty when that cus-
tomer departs.

Condition on R, the remaining service time:

P{empty}

o0
:/ P{empty|R = t}ue "dt
0

[o8) t

:/ exp{—)\/ e_“ydy},ue_“tdt
0 0
& A

= / exp{—(l - e“t)} pe Mt
0 K

1
= / e~ M/ 1y
0

7 “a

= (-

where the preceding used that P{empty|
R =1t} is equal to the probability that an
M/M /o queue is empty at time ¢.
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(a) Since, given N(t), each arrival is uniformly dis-
tributed on (0, t) it follows that

E[X|N(t)] = N(t) /0 t (t—s)ds/t = N(t) t/2

(b) Let Uy, Uy, ... be independent uniform (0, ¢)
random variables.

Then
n
> (t—Uy)
i=1
= nVar(U;) = nt*/12

() By (a), (b), and the conditional variance
formula,

Var(X) = Var(N(t)t/2) + E[N(t)t?/12]
= M2 /4 + M2 )12 = M3/3

Var(X|N(t) = n) = Var

This is an application of the infinite server Pois-
son queue model. An arrival corresponds to a new
lawyer passing the bar exam, the service time is
the time the lawyer practices law. The number in
the system at time t is, for large ¢, approximately a
Poisson random variable with mean Ay where ) is
the arrival rate and p the mean service time. This
latter statement follows from

/0 [1 - Gy)ldy =

where p is the mean of the distribution G. Thus, we
would expect 500 - 30 = 15,000 lawyers.

The number of unreported claims is distributed as
the number of customers in the system for the infi-
nite server Poisson queue.

@) e~"(a(t))" /n!, where a(t) = A /0 t G(y)dy

(b) a(t)up, where ur is the mean of the distribution
F.

If we count a satellite if it is launched before time
s but remains in operation at time ¢, then the num-
ber of items counted is Poisson with mean m(t) =

/ G(t — y)dy. The answer is e ~"®),
0
E[A(DIN(t) = n]

= E[Ale”™E i e“iIN(t) = n]

eaU(i)]

—

=E[Ale”™E l

n

—_

69.

70.

= E[Ale"™E [i eauf]
i=1

= nE[Ale"™E [eo‘u}

t
=nE[A]e_at/ e"‘x%dx
0

_ ,—at
— e[ —C
ot
Therefore,
1— e—at 1— e—at
E[A(t)] = E|N(HE[A] = AE[A]
ot ot

Going backwards from t to 0, events occur accord-
ing to a Poisson process and an event occurring a
time s (from the starting time t) has value Ae™“*
attached to it.

(@) 1—e M=o

(b) e_’\se_A(t_s)[)\(t — s)]3/3!
() 44+ A(t—>9)

(d) 4s/t

(a) Let A be the event that the first to arrive is the
first to depart, let S be the first service time,
and let X(t) denote the number of departures
by time ¢.

P(A) = / P(A[S = Hg(t)dt
_ / P{X(t) = 0}g(H)dt

_ /67,\ s S 1)t

(b) Given N(t), the number of arrivals by ¢, the
arrival times are iid uniform (0, ). Thus, given
N(t), the contribution of each arrival to the total
remaining service times are independent with
the same distribution, which does not depend
on N(#).

(c) and (d) If, conditional on N(f), X is the
contribution of an arrival, then

1 [t [
BXI=1 [ [ 6+ y=ngiyds

t roo
B¢ =1 [ [ 6yt

E[S(H] = ME[X] Var(S(t)) = ME[X?]
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Ui, ... be independent uniform (0, t) random

variables that are independent of N(t), and let U;
be the i smallest of the first n of them.

NGO
p { 8(5) < x}
=

=M1

72. (a)
(b)
73. (a)

N()

o

8(Si) <x|IN(t)= n} P{N(t)=n}
i=1

n

y.p {Zg(Si) < x|N(t) = n} P{N(t) = n}

i=1
P {
i
n

y.p {Zg(ui) < x} P{N(t) = n}

i=1

M=

8Uim) < x} P{N(t) = n}

1

(Theorem 5.2)

<2 gUg ) =, g(Ui)>
-1 =1

y.P {zg(ui) < x|N(t) = n} P{N(t) = n}
n i=1
N(t)

2P { Y, s(Uy) <xIN(®) =n} P{N(t)=n}

i=1

N(t)
P { Z g(u,') < X}

i=1

Call the random variable S;;. Since it is the
sum of n independent exponentials with rate
A, ithas a graze distribution with parameters n
and A.

Use the result that given S, =t the set of times
at which the first n — 1 riders departed are
independent uniform (0, {) random variables.
Therefore, each of these riders will still be
walking at time t with probability

t —put
0 ut

Hence, the probability that none of the riders
are walking at time ¢ is (1 — p)" .

It is the gamma distribution with parameters
nand .

75.

57

(b) Forn>1,

(0

(b)

(©)

P{N =n|T =t}
_ P{T =N = njp(1 —p)" !
- T(t
("t

= Cm(l —p)!

_cQAa=py
=C oy
-1
A= A ="
e =S
where the last equality follows since the
probabilities must sum to 1.

The Poisson events are broken into two classes,
those that cause failure and those that do not.
By Proposition 5.2, this results in two indepen-
dent Poisson processes with respective rates
Ap and A(1 — p). By independence it follows
that given that the first event of the first pro-
cess occurred at time f the number of events of
the second process by this time is Poisson with
mean A(1 — p)t.

Since each item will, independently, be found
with probability 1 — e #! it follows that the
number found will be Poisson distribution
with mean A1 — e #!). Hence, the total
expected return is RA(1 — e #) — Ct.

Calculus now yields that the maximizing value
of t is given by

1 R\
= ()

provided that RAy > C; if the inequality is
reversed then t = 0 is best.

Since the number of items not found by any
time ¢ is independent of the number found
(since each of the Poisson number of items will
independently either be counted with proba-
bility 1 — e #! or uncounted with probability
e~ ") there is no added gain in letting the deci-
sion on whether to stop at time ¢t depend on
the number already found.

{Y,} is a Markov chain with transition proba-
bilities given by

Poj=aj, Pji-14j=0a;, j=0
where
ESVINY
= [ O e
] ]!
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(b) {X,}is a Markov chain with transition proba- 79. Consider a Poisson process with rate A in which an
bilities event at time f is counted with probability A(f)/A
0o independently of the past. Clearly such a process
Piiv1-j=0;,j=0,1,...,i,Pio = Z Bj will have independent increments. In addition,
k=i+1
where P{2 or more counted events in(t, t + h)}
et (uty ety < P{2 or more events in(t, t + h)}
b= Y = o(h)
and
76. LetY den(?te the number .of customers se.rvec?l in P{1 counted event in (t, t + h)}
a busy period. Note that given S, the service time
Of the 1n1t1a1 customer in the busy period, it fol‘ — P{]_ counted | 1 event}P(]_ event)
lows by the argument presented in the text that
the conditional distribution of Y — 1 is that of the + P{1counted | > 2 events}P{> 2}
N(S)
compound Poisson random variable 2 Y;, where t+h /\( 5) ds
i=1 / (A + o(h)) + o(h)
the Y; have the same distribution as does Y. Hence, t Ak
E[Y|S] = 1 + ASE[Y] M”m+-@
Var(Y|S) = ASE[Y?
ar(Y15) (Y] — A(Dh + o(h)
Therefore,
80. (a) No.
Y] = — @
1— AE[S] (b) No.
Also, by the conditional variance formula (¢) P{Ty >t} = P{N() = 0} = ¢~"® where
Var(Y) = AE[SIE[Y?] + (\E[Y])*Var(S) ,
— AE[S]Var(Y) + AE[SI(E[Y])? W”ZAA@“

+ (AE[Y])*Var(S)
81. (a) Let S; denote the time of the ith event, i > 1.

implying that Lett; + hi < tiz1, th + hy <t
)\E[S](E[Y])z I (/\E[Y])ZVW(S) P{t;<Si<ti+h;,i=1,...,nN{E) =n}
VHT(Y) = 1— )\E[S] P{l event in (tl’, ti + hi)/ i= 1, ..., n,
u __no events elsewhere in (0, )
A2 () =N [+ 1) — it
“’A+ux+2u IIe [m(ti + Bi) — mt;)]
A ' . m(t)— Y. m(ti+hy)—mit;)]
“)HA+iAT'”>1 =
i At mAT e*%mmwm
(d) Conditioning on N yields the solution; namely n
§ EP(N =) ”H[m(ti + hi) — m(t;)]
j=1 = i

[m(®)]"
Dividing both sides by /; - - - h;, and using the

ti+h

fact that m(t; + h;) — m(ti)z/ A(s) ds =
ti

78. Poisson with mean 63. A(t)h + o(h) yields upon letting the h; — 0:

= A
PN =) 3 35
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fsl sz(tl, o tn|N(t) = 1)

= nt | [IAt)/m(®)]

i=1

and the right-hand side is seen to be the joint
density function of the order statistics from a
set of n independent random variables from
the distribution with density function f(x) =
m(x)/m(t),x < t.

(b) Let N(t) denote the number of injuries by time
t. Now given N(t) = n, it follows from part (b)
that the 7 injury instances are independent and
identically distributed. The probability (den-
sity) that an arbitrary one of those injuries was
at s is A(s)/m(t), and so the probability that
the injured party will still be out of work at
time ¢ is

(S)

p / P{outof work at f|linjured at s} —= (t)

/ [1—F(t —s)] A((S))

Hence, as each of the N(t) injured parties have
the same probability p of being out of work at
t, we see that

E[XHIIN()] = N(t)p
and thus,
E[X(H)] = pEIN(#)]

= pm(t)

_ /t[l _F(t - $)IAGs) ds
0

82. Interpret N as a number of events, and correspond

X; to the i" event. Let I,Ip, ..., I, be k nonover-
laping intervals. Say that an event from N is
a type j event if its corresponding X lies in I;,
j =12, ..., k Say that an event from N is a type
k + 1event otherwise. It then follows that the num-
bers of typej,j =1, ..., k, events—call these num-
bers N (Ij), j = 1, ..., k—are independent Poisson
random variables with respective means

EIN(I)] = AP{X; € [}} = A /1 f(s)ds
J

The independence of the N(I;) establishes that
the process {N(t)} has independent increments.
Because N(t + h) — N(t) is Poisson distributed with
mean

83.

84.

t+h
E[N(t + h) = N(@®)] = A f(s)ds
= Ah}i (t) + o(h)
it follows that
P{N(t + h) — N(t) = 0} = e~ Wtf (o)
=1 Nif(t) + o(h)
P{N(t+h)—N(@¢) =1}

= (ALf (1) + o(h))e~ W+ o)

— (VLF (1) + o)
As the preceding also implies that
P{N(t + h)—N(t) > 2} = o(h)
the verification is complete.
Since m(t) is increasing it follows that nonover-
lapping time intervals of the {N(f)} process will
correspond to nonoverlapping intervals of the
{No(t)} process. As a result, the independent
increment property will also hold for the {N(#)}

process. For the remainder we will use the
identity

m(t + h) = m(t) + (&) + o(h)
P{N(t + h) — N(t) > 2}

= P{No[m(t + h)] — No[m(t)] > 2}
= P{N,[m(t) + Mt)h + o(h)] — No[m(t)] > 2}
= o[ A + o(h)] = o(l)
=1}
= P{N,[m(t) + A(t)h + o(h)] — No[m(t)] = 1}

P{N(t + h) —

= P{1 event of Poisson process in interval
of length A(f)h + o(h)]}

= A(B)h + o(h)

There is a record whose value is between t and ¢t +
dtif the first X larger than t liesbetween t and ¢ + dt.
From this we see that, independent of all record
valuesless thatt, there will be onebetween tand t +
dt with probability A(t)dt where A(t) is the failure
rate function given by

M) =fB)/1 = F(b]

Since the counting process of record values has,
by the above, independent increments we can con-
clude (since there cannot be multiple record val-
ues because the X; are continuous) that it is a
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nonhomogeneous Poisson process with intensity
function A(t). When f is the exponential density,
A(t) = A and so the counting process of record
values becomes an ordinary Poisson process with
rate \.

$ 40,000 and $1.6 x 108.

(a) P{N(t) =n} = 3 3@t)"/n! + 7e(5t)" /n!
(b) No!

(c) Yes! The probability of n events in any interval
of length t will, by conditioning on the type of
year, be as given in (a).

(d) No! Knowing how many storms occur in an
interval changes the probability that it is a
good year and this affects the probability dis-
tribution of the number of storms in other
intervals.

(e) P{good|N(1) =3}
P{N(1) = 3|good} P{good}

~ P{N(1) = 3|good}P{good} + P{N(1)
= 3|bad}P{bad}

B (e733%/31).3
C (e7%3%/31).3 + (1e7°5%/31).7

Cov[X(t), X(t + s)]

= Cov[X(t), X(t) + X(t + 5) — X(t)]

= Cov[X(t), X ()] + Cov[X(t), X(t +5) — X(t)]
= Cov[X(t), X(t)] by independent increments
= Var[X(H)] = ME[Y?]

Let X(15) denote the daily withdrawal. Its mean
and variance are as follows:

E[X(15)] =12-15-30 = 5400
Var[X(15)] =12-15-[30- 30 + 50 - 50] = 612,000
Hence,

P{X(15) < 6000}

X(15) — 5400 600
=P <
/612,000 ~ /612,000

= P{Z < .767} where Z is a standard normal

= .78 from Table 7.1 of Chapter 2.

Let T; denote the arrival time of the first type i
shock,i=1,2,3.

P{X1 >s,Xy >t}
=P{Ty >s,T3 >5,Tp >t,T3 >t}
=P{Ty >s,Tp > t, T3 > max(s,t)}

— e*)\ls e*)\Zt €_>\3max(s, t)

90. P{X; >s}=P{X; >s X, >0}
P

— e~ M1+A3)s

91. To begin, note that

n
P Xl > ZXI
2
=P{X; > Xp}P{X; — Xp > X3|X1 > Xp}
= P{X; —Xo — X3 > X4|X; > Xo + X3}...
= P{Xl —Xz..._Xn_l > Xn|X1 > X2
= (1/2)"!
Hence,
n n n
=t i1 i
=n/2"!
92. My®) =Y Ji
i
where J; = 1, if bugl'contrlbutes 2 errors by t
0, otherwise
and so

EIMy()] = ¥ P(N;(H) =2} =Ye " (3?2

93. (a) max(Xy, Xp) + min(X{, Xp) = Xy + Xo.
(b) This can be done by induction:
max{(Xy,..., X;,)
X))
0 Xn)

= max(X;, max(X», ..
= X1+ max(X,, ..

— min(X;, max(X,, ..
= X1+ max(X,, ..., X},

—max(min(Xy, Xp), ..., min (X, Xy)).

)

Now use the induction hypothesis.
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A second method is as follows:

Suppose X1 < Xp < --- < Xj,. Then the coeffi-
cient of X; on the right side is

1— {nl—z}_‘_[nz—z}_[n;i}jLM
=@1-1)""

_J0, i#m
11, i=n
and so both sides equal X,,. By symmetry the

result follows for all other possible orderings
of the X's.

(c) Taking expectations of (b) where X; is the time
of the first event of the i process yields

)y A - PIPICIES A

i <

DI I TPV SRy

i <j <k

+ (_1)n+1 liAl‘|
1

-1

(i) P{X >t}
= P{no events in a circle of area rt>}

a2
—e Art

(i) E[X]= /0 - P{X > t}dt

o0
— / e*)\}’tzdt
0

1 o0 7x2/2
= e dx byx=tV2\r
V2rA /0
1
2V

where the last equality follows since
oo
1/V2r / e 24y = 1/2 since it represents the
0

probability that a standard normal random
variable is greater than its mean.

95.

96.

97.

/ xg(x)e ™ (xt)"dx

E[LIN(t) = n] =
/ g(x)e ™ (xt)"dx

Conditioning on L yields

E[N(s)[N(t) = n]
= E[E[N(s)|N(t) = n, L]|N(t) = n]
=E[n + L(s—t)|N(t) = n]

=n + (s —HE[LIN(t) = n]
For (c), use that for any value of L, given that there
havebeen n events by time t, the set of n event times
are distributed as the set of n independent uniform

(0,t) random variables. Thus, for s < t

E[N(s)|N(t) = n] = ns/t

E[N(s)N(t)|L] = E[E[N(s)N(£)|L,N(s)]|L]

E[N(s)E[N(8)|L, N(s)]|L]
E[N(s)[N(s) + L(t = 9)]|L]

E[N?(s)|L] + L(t — s)E[N(s)|L]

Ls 4 (Ls)* + (t — s)sL?
Thus,

Cou(N(s), N(t)) = smq + stmy — stm%

With C = 1/P(N(t) = n), we have

VO S (Vi
funeOln) =Ce ™ o Pe pA(pm—l)!

— Ke—(p+A \ntm—1

where K does not depend on \. But we recognize
the preceding as the gamma density with param-
eters n + m,p + t, which is thus the conditional
density.



Chapter 6

1. Let us assume that the state is (1, m). Male i mates

at a rate A with female j, and therefore it mates at a
rate Am. Since there are n males, matings occur at
a rate \nm. Therefore,

U(n, my = Anm
Since any mating is equally likely to result in a
female as in a male, we have

1
P(n, m); (n+1,m) = P(n, m)(n,m+1) = E

. Let N4(t) be the number of organisms in state A
and let Np(t) be the number of organisms in state B.
Then clearly {N4(t); Np(t)} is a continuous Markov
chain with

Vfn,m} = an + fm
P — an
{n,my;{n=1m+1} = on + Bm

P _ m
{n,m};{n+2;m=1} = on + Bm

. This is not a birth and death process since we need
more information than just the number working.
We also must know which machine is working. We
can analyze it by letting the states be

b : both machines are working

1:1is working, 2 is down

2:2is working, 1is down

01: both are down, 1 is being serviced

0y: both are down, 2 is being serviced

Up= p1 + M2, 01 =1 + [, 02 = 2 + 1,

0o, = Vo, = 1

— Mo  _1_ N
Por=mFm =12 D=y
= 1-"Pyp,
Pyp= ﬁ=1—1’2,01/ Po,,1 =Py, 0 =1

62

. Let N(t) denote the number of customers in the

station at time f. Then {N(f)} is a birth and death
process with

A=Ay,  pn=p

(a) Yes.

(b) Itis a pure birth process.

(¢) If there are i infected individuals then
since a contact will involve an infected and
an uninfected individual with probability
i(n—1i)/(3), it follows that the birth rates are
Ai=Ai(n—1)/(), i=1,...,n. Hence,

nn—1) & L
N Zil/[l(”—l)]

E[time all infected] =

. Starting with E[Tj] = )\l = %,employ the identity
0
1
E[Ti]= 5 + 5 E[Ti-1]

to successively compute E[T;] fori =1, 2, 3, 4.

(a) E[To] +---+ E[T3]
(b) E[T2] + E[T3] + E[T4]

(a) Yes!
(b) For n=(nq, ..., nj, nix1, ..., ng_1) let
Sim)y=mq, ..., ni—1, nix1 + 1, ..., n,_q),

i=1,..,k-2

Sk*l(n) = (nlr ooy Miy Nig g, o M1 — 1)/

Som)=my +1, ..., nj, njxq, ..., Ng_1)
Then
Gn, S1(n) =njp, i=1,..k-1
l%z/ SO(”) = )\

. The number of failed machines is a birth and death

process with
Ao =2\
A=A

p1 = o = p
Un=0n#1,2
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M =0,n>1.
Now substitute into the backward equations.

Since the death rate is constant, it follows that as
long as the system is nonempty, the number of
deaths in any interval of length t will be a Poisson
random variable with mean ut. Hence,

Pi(ty=e " (u) "I/ —j), 0<j<i

o0
Pio(t) =Y, e # (ut)* /K!
k=i
0, if machine jis working at time ¢
Let Ij(t) = .
1, otherwise

Also, let the state be (I1(¢), I>(t)).

This is clearly a continuous-time Markov chain
with

V0,00 = A1+ A2 A0,0); (0,1) = A2 A©0,0); (1,0) = A1
V©,1) = A1+ 12 Ao, 1); 0,00 = M2 A\0,1); (1,1) = M
v1,0) = H1 + A2 A@,0); 0,00 = 11 A1,0); (1,1) = A2

U(1,1) = M1+ K2 A@,1); 0,1) = K1 A1,1); (1,00 = A2

By the independence assumption, we have

@) P, jyx, o) = P, )Qq, o(t)

where P; (t) = probability that the first machine be
in state k at time f given that it was at state i at time
0.

Qj,¢(t) is defined similarly for the second
machine. By Example 4(c) we have

Poo(t) = [Ae™ W10 401/ (Ag + )
Pio(t) = [p1 — pre™ M2 /(g + )
And by the same argument,

Py (t) = [pe™ W20 4 X1/ (M + pa)
Poy(t) = [M — Me™ WA /(A + )

Of course, the similar expressions for the sec-
ond machine are obtained by replacing (A1, u1)
by (A2, p2). We get P jyk, ¢(t) by formula (a). For
instance,

P,0)0,00(t) = P(0,0)()Q(0,0)(t)

[Al,;mﬂmt n m]
(M + p1)

{)\ze*()\zﬂtz)t i uz}
(A2 + 12)

Let us check the forward and backward equations
for the state {(0, 0); (0, 0)}.

Backward equation

We should have
A
Po.o00® =01+ X) | x5 Poneo®
A
+ 3105 P 00,0®) = Po,0w0,0®)

or

Pl 0)0,0) ) = 22P(0,1)(0,0)(t) + A1P(1,0)0,0)(H)
— (M1 + A2) P(o,0)0,0) (%)

Let us compute the right-hand side (r.h.s.) of this
expression:

r.h.s.

[Ale—(mm)t + m] [uz _ Mze—(u2+>\2)t}
(A1 + )X + p2)

:)\2

[Ml _ ,u1e_()‘1+’“)t} {)\26—(/\2+M2)t + Mz}
(M + p1)(2 + p2)
— (M1 +A2)

[)\16—()\1+M1)f + Ml} [)\26—()\2+M2)f + MZ}
(A1 + )Mo + p2)

o [)\le—()\lﬂtl)f + Ml}
(M + )Mz + p2)

x [uz — ppe— (At o= Oatua)t M}

A [/\26—0\24-#2)1‘ + MZ}
(A1 + )M + p2)

™ [Ml — e~ At )\16—(>\1+M1)f}

+

—(A
= [—)\26_(’\2+M2)t} [)xle ()\11:71/);14_ Ml:|

+ e Outm [)\26—()\2+M2)t +M2}

A2+ 2
= Qo ®Poo(t) + Po(t)Qoo(t) = [Poo(H)Qoo(H)]’
= [P0, 00,0)(t)]’

So, for this state, the backward equation is
satisfied.
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Forward equation

According to the forward equation, we should now
have

Plo, 00, 0)(H) = 12P(0, 0)0, 1)) + 11P0, o)1, 0)(#)
— (M1 + AP, 0)0, 0)(2)

Let us compute the right-hand side:

r.hs.

[)xle*(ﬂl-&-/\l)t + Ul} [)\2 _ )\ze*(AZﬂLz)t}

— 2 A1+ p) (N2 + p2)
[)\1 _ /\le—()\l-‘rm)t] [/\26—0\24-#2)1? + HZ]
i 1+ )2 T 1)
|:)\le_(ﬂl+)\1)t + Ml} {)\ze—(#z+>\2)t + Mz}
(M +A2)

(M + )2 + p2)

[)\le_(ﬂl+>\1)t + Ml}
(M + 1)

{Mz)\z _ )\26—(>\2+M2)f -\ {)\26—(#2+>\2)f + M2H

X
Ao+ po

[)\ze—(ufr)\z)f + ,UZ]
(A2 + p2)

+

[/11 [)\1 _ )\1@—(>\1+M1)f} -\ {)\16—(#1+/\1)i + Ml”

x (M + 1)

= Pgo(t) [7 )\23*(M2+)\2)t} + Quo(h) [7 A ef(/\1+u1)t}

= Poo(H)Q)o(H) + Qoo(H)P'00(t) = [P(0,0)(0,0)(})]

In the same way, we can verify Kolmogorov’s equa-
tions for all the other states.

11. (b) Follows from the hint upon using the lack of
memory property and the fact that ¢;, the min-
imum of j — (i — 1) independent exponentials
withrate ), isexponential withrate (j —i 4+ 1)A.

(¢) From (a) and (b)
P{Ty +---+Tj<t}=P {1%1?%& < t}

=(1—e M)/

12.

(d) With all probabilities conditional on X(0) =1

Pyj(t) = P{X(t) = j}
=P{X(t) > j} —P{X() =j + 1}
=P{Ty + -+ Tj < t}
—P{Ty + -+ Tj1 < t}

(e) The sum of independent geometrics, each
having parameter p = e~ ', is negative bino-
mial with parameters i, p. The result follows
since starting with an initial population of i is
equivalent to having i independent Yule pro-
cesses, each starting with a single individual.

(a) If the state is the number of individuals at time
t, we get a birth and death process with

Ap=ni+90, n<N
An =nh, n>N
Hn = Np

(b) Let P; be the long-run probability that the
system is in state i. Since this is also the pro-
portion of time the system is in state i, we are

o0
looking for ) P;.
i=3
We have >\kPk = Mk—&-lPk—&-l‘

This yields
Py = QPO
%
A+ 0 O\ + 0)
Py = P = P
2 2 ! 2 0
2A+ 6 O\ + )2\ + 0
pyZ A0, 004 0RAT0)
2u 6/

For k > 4, we get

(k — 1A
kp

which implies

p_ k=Dk-2)--@) HH
Tk @  |u

P =

Pr_q

3 A%
el e

00 00 k
therefore Z Py =3 {Hrpg, 2 E {)\] ,
k=3 A k:3k



13.

Answers and Solutions 65

< 5 ] A1
,Z,J,Pk—?’N [log[ A} u‘z[
00\ + )2\ + 0)
6ﬂ3 Po

o0
Now Y P; = 1 implies
0

9(; 0, %o@ +0)2\ + 0)

M A 1TA7?
[“’gb AR
And finally,
S b | [ L] iog [ ]~ 2 _1[A]°
,ngk_ Hzﬁ} llog {u—k] p 2M ]
/ o\ + 6)

1+ 24
[ 2
00\ + 0)2\ + 6)
p T
2\

Jos ] -2 220

With the number of customers in the shop as the
state, we get a birth and death process with

P0—|:1+ +

-1

00\ + 0)(2\ + 6)

Therefore
3 3 312
P1=-P Py=-, Pi=1|=-| P
1 4 0, 2 41 1 |:4:| 0

2
And since Y, P; = 1, we get
0

Py =

2_1
4 4 37

(a) The average number of customers in the
shop is
3 312
—+2|=-| | P
1 + { 4] ] 0

2 _l
RSN EIR I
4 4 Y
(b) The proportion of customers that enter the

shop is
9 16 28

A1 = Py)
S P12 =2
) 16 37 ~ 37

Py + 2P, =

_30
T 16

(c) Now i =8, and so

2_1
3 {3“ 64
14+2+ |2 ==

Py =
0 8 |8 97

So the proportion of customers who now enter
the shop is

8

372 264 9 88
1_P2:1_H 97 T 97 97

The rate of added customers is therefore

88 28 88 28
][] =2 2] <o
The business he does would improve by 0.45

customers per hour.

14. Letting the number of carsin the station be the state,
we have a birth and death process with

A=A =X =20, Ai=0,1>2

p = pp =12

Hence,
5 5 512

Py Py, P —Pq | P
=30 2=3 {3] 0
5 513

P3==-P,=|=| P

3= 312 {3} 0

3
and as ZPi =1, we have
0

-1
P PO 1 I o 4
0= 3713 3 g
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(@) The fraction of the attendant’s time spent ser-
vicing cars is equal to the fraction of time
there are cars in the system and is therefore
1— Py =245/272.

(b) The fraction of potential customers that are lost
is equal to the fraction of customers that arrive
when there are three cars in the station and is
therefore

5 3
Py = M Py = 125/272

With the number of customers in the system as the
state, we get a birth and death process with

M=AM1=X=3 \=0,
=2, pp=pz =4

i>4

Therefore, the balance equations reduce to

3 3 9 3 27
Py= 7Py, Py =3 P1= 2Py, P3 =P =P
And therefore,
3 9 27170 32
Po=1+3+8% % ~1

(@) The fraction of potential customers that enter
the system is
A1 — Py) 27 32 116
A R VE R v

(b) With a server working twice as fast we would
get

3 3 312 318
—1
3 1312 378 64
and Py= 1+4+|:4] +|:4:|‘| :ﬁ
So that now
27 64 148
L=bh=l- =11 =1

Let the state be

0: an acceptable molecule is attached
1: no molecule attached

2: an unacceptable molecule is attached.

Then this is a birth and death process with balance
equations

17.

18.

7
Pip==P
12 B\ 0
PZZ)\(l—a)Plz(l—a)&PO
1 T

2
Since ZPi =1,we get
0

1_ 71
142, 2k
A a

_ Aoy
Aapy + papz + M1 — a)up

Py =

Py is the percentage of time the site is occupied by
an acceptable molecule.

The percentage of time the site is occupied by an
unacceptable molecule is

AL —a)up

1-—ap
- 07 X + 1+ M1 — )

a

Py

Say the state is 0 if the machine is up, say it is i
whenitis down due to a typei failure,i = 1, 2. The
balance equations for the limiting probabilities are
as follows.

APy =p1P1 + poP>

,u1P1 = )\pPO

p2P2 = A(1 = p)Py

Pyp +P1 +P,=1

These equations are easily solved to give the results
Po= (14 Ap/p1 + A1 —p)/p2)"

Py = XpPo/p1,  Po=X1-p)Po/uo

There are k + 1 states; state 0 means the machine
is working, state i means that it is in repair phase

i, i=1,...,k. The balance equations for the limiting
probabilities are

APy = Py

mP1 = APy

wilPi = pi1Piq, i=2,...,k
Po+---+P=1

To solve, note that

piPi = pi—1Pi—1 = pioPi—p == APy
Hence,

Pi = (M wi)Po
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and, upon summing,

1=P,

k
1+ Z(A/ui)]

i=1

Therefore,

= ()‘/MZ)POI

' -1
Py= |1+ Z(A/ui)] ,
i=1

i=1,..,k

The answer to part (a) is P; and to part (b) is Py.

There are 4 states. Let state 0 mean that no
machines are down, state 1 that machine 1 is down
and 2 is up, state 2 that machine 1 is up and 2 is
down, and 3 that both machines are down. The bal-
ance equations are as follows:

(M + A2)Po = p1Py + 2P

(11 + A2)P1=MPo + 1 P3

(A1 + p2)P2 = AP

pmP3 = poP1 + 1Py

Py+P1+P,+P3=1

These equations are easily solved and the
proportion of time machine 2 is down is P, + Ps.

Letting the state be the number of down
machines, this is a birth and death process with
parameters

A=A i=0,1

pi=p, =12

By the results of Example 3g, we have

E[time to go from 0 to 2] = 2/ + u/\?

Using the formula at the end of Section 3, we have

Var(time to go from 0 to 2)

= Var(Ty) + Var(T)
1 1
=Sty

H 2\2
N+ + +7(2/>\+u/A )

Using Equation (5.3) for the limiting probabilities

of a birth and death process, we have

14+ Mp
T+ XMpA+ /w3

P0+P1=

21.

22.

23.

How we have a birth and death process with
parameters

A=A i=1,2
Hi = er i=1,2
Therefore,

14+ A
Py + P = /'u

L+ M p+ (N p)?/2

and so the probability that at least one machine is
up is higher in this case.

The number in the system is a birth and death pro-
cess with parameters

>\n=/\/(n+1), n>0
Mn = /J// n Z 1
From Equation (5.3),

1Py=1+ Y (\/p)"/nt=eMH
n=1

and

Py = Po(A\ /)" /n! = e MO /)" /nt, n >0

Let the state denote the number of machines that
are down. This yields a birth and death process
with

3 2 1 )
_° L= A= >
M= M =g =15 Ai=0 123
R
N1—8/ M2—8/ N3—8
The balance equations reduce to
3/10 12
Pj=—=P —P
1= o= 75r
2/10 4 48
Py=——Py=-P1 = =P
27728 517250
1/10 4 192
P3=——-Py=—P3=—
37 72/8°2710 2 250 °

3
Hence, using Y P; = 1 yields
0

L2 8 12 -1 250
T 1522

Po= 5 " 25 " 250

(a) Average number not in use

2136 1068

= P1 + 2P, + 3P; = 1522 761
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(b) Proportion of time both repairmen are busy

672 336

=P Pr= — = —
2T = 1500 = 761

We will let the state be the number of taxis wait-
ing. Then, we get a birth and death process with
An = 1py = 2. Thisisa M/M/1, and therefore,

1
(a) Average number of taxis waiting = Y
—_— 1 —_—
=5 =
(b) The proportion of arriving customers that get
taxis is the proportion of arriving customers
that find at least one taxi waiting. The rate of
arrival of such customers is 2(1 — Py). The pro-
portion of such arrivals is therefore
2(1 — Py) )\} A

=1-Py=1-{1-Z2
2 ° { I

1

If N;(t) is the number of customers in the ith
system (i =1,2), then let us take {Ni(f),N,(H)}
as the state. The balance equation are with
n>1m>1.

(@) APo, 0 = p2Po,1

(®) Py, oA+ p1) = APp—1,0 + p2Pp,1

(©) Po, (A + p2) = p1P1, m—1 + p2Po, my1

(d) Pu, AN+ p1 + p2) = APp—1,m + p1Pus1, m—1
+ 2Py, my1

We will try a solution of the form Co' ™ = Py, 4.
From (a), we get

A
AMC=pCh=03=—
H2
From (b),
O\ + p1) Ca™ = \Ca™™ ! + 11pCa" B

or
A
(A+u1)a=A+uzaﬁ=A+uza; = A+ A

A
and pa=A=a=—
H1

To get C, we observe that Y, Py, = 1

n,m

but
. - 1 1
3 Pun=CRor T = || |75

11—«
and C = [1—/\} {1—)\}
H1 2

26.

27.

28.

Therefore a solution of the form Ca”*3" must be
given by

= g ) 2] )

It is easy to verify that this also satisfies (c) and
(d) and is therefore the solution of the balance
equations.

Since the arrival process is Poisson, it follows that
the sequence of future arrivals is independent of
the number presently in the system. Hence, by
time reversibility the number presently in the sys-
tem must also be independent of the sequence of
past departures (since looking backwards in time
departures are seen as arrivals).

It is a Poisson process by time reversibility. If
A > 0p, the departure process will (in the limit) be
a Poisson process with rate d i since the servers will
always be busy and thus the time between depar-
tures will be independent random variables each
with rate dp.

Let Py, Vi denote the parameters of the X(f) and
Pl.y]., V{ of the Y(t) process; and let the limiting prob-
abilities be Pf,PZ-y , respectively. By independence
we have that for the Markov chain

{X(t), Y(t)} its parameters are

Vion=Vi+V]

V¥
1 X
Pe oG o= 0 V7 Pj
1
Y
VZ Y

Pioio= e ln
l 4

and

lim P{(X(¢), Y(t)) = (i, j)} =P{P!
t—o00 ]
Hence, we need show that

PP}V P} = PYP)V¥P}

(That is, rate from (i, ¢) to (j, £) equals the rate from
(j, ©) to (i, £)). But this follows from the fact that the
rate from i to j in X(f) equals the rate from j to i;
that is,

PYVIP} = PYVIP}

The analysis is similar in looking at pairs (i, £) and
(i, k).
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(a) Let the state be S, the set of failed machines.
(b) ForieS,j e S,
qs,s—i = hi/ISl, 95, 51 = Aj

where S —i is the set S with i deleted and S + j
is similarly S with j added. In addition, |S|
denotes the number of elements in S.

(0) Psqs, s—i = Ps—iqs—i,s
(d) The equation in (c) is equivalent to
Pspi/|S| = Pg _iAi
or
Ps = Ps_i[S|\i/ i
Iterating this recursion gives
Ps = Po(IS)! TT hi/m)
i€S
where 0 is the empty set. Summing over all S
gives
1="Po X, (IS)! [T i/m)
5 =
and so

(ST N/

icS

Pc =
I
S

i€S

As this solution satisfies the time reversibility
equations, it follows that, in the steady state,
the chain is time reversible with these limiting
probabilities.

30. Since );; is the rate it enters j when in state 7, all we

31.

need do to prove both time reversibility and that
Pjis as given is to verify that

n
MiPx = AP 3, Pj =1
1

Since \yj = Aj, we see that P; = 1/n satisfies the
above.

(a) This follows because of the fact that all of the
service times are exponentially distributed and
thus memoryless.

(b) Let n:(nl,...,ni,...,n]-,...,n,), where
n;>0 and let n'= (ny,..,m—1,..,
nj—1,...,ny). Thengq, v = p;/(r — 1).

(c) The process is time reversible if we can find
probabilities P(n) that satisfy the equations

P(m)pi/(r — 1) = P(')uj/(r — 1)

where n and 1’ are as given in part (b). The
above equations are equivalent to

wiP(n) = i /P(r')

Since n; = n'; + 1 and #’; = nj + 1 (where
refers to the k' component of the vector 1), the
above equation suggests the solution

P(n)=C [ (1/m)k

k=1

where C is chosen to make the probabili-
ties sum to 1. As P(n) satisfies all the time
reversibility equations it follows that the chain
is time reversible and the P(n) given above are
the limiting probabilities.

32. The states are 0, 1, 1/, n,n > 2. State 0 means the

system is empty, state 1 (1') means that there is
one in the system and that one is with server 1 (2);
state n1,n > 2, means that there are n customers in
the system. The time reversibility equations are as
follows:

(A/2)Pg = 11 Py
(A/2)Pg = pipPy/

APy = po Py

APy = pi1 Py

APy = jiPyir,n > 2

where ;1 = p11 + pp. Solving the last set of equations
(with n > 2) in terms of P, gives

Pyi1 = A/ )Py
=\/p)?Pyy ==/ Py
That is,
Puip =/ )'P2, n>0
The third and fourth equations above yield
Py = (u2/ NP2
Pyr=(u1/N)P2
The second equation yields
Py = (2u2/ NPy = (2u1112/ NP2

Thus all the other probabilities are determined in
terms of Py. However, we must now verify that the
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top equation holds for this solution. This is shown
as follows:

Py = (2u1/ NP1 = Quipa/\*)Pa

Thus all the time reversible equations hold when
the probabilities are given (in terms of P;) as shown
above. The value of P, isnow obtained by requiring
all the probabilities to sum to 1. The fact that this
sum will be finite follows from the assumption that
Ap <1

Suppose first that the waiting room is of
infinite size. Let X;(t) denote the number of cus-
tomers at server i,i = 1, 2. Then since each of
the M/M/1 processes {X;(t)} is time-reversible,
it follows by Problem 28 that the vector process
{(X4(t), X5(t)),t > 0} is a time-reversible Markov
chain. Now the process of interest is just the trun-
cation of this vector process to the set of states A
where

A={0,m:m<4}U{(n, 0):n <4}
U{(n, m) :nm >0,n 4+ m <5}

Hence, the probability that there are n with server 1
and n with server 2 is

Py, m=k(A\/p1)" (1= A /1) P2/ p2)™ (1 = A2/ p2),
= C(A1/pm)" N2/ p2)™,

The constant C is determined from

S Pya=1

where the sum is over all (n, m) in A.

(n,m)yeA

The process {X;(f)} is a two state continuous-time
Markov chain and its limiting probability is

lim P{X;(t) =1} = pi/(ui + N), i=1,...4
t—o00

(a) By independence,
proportion of time all working

4
= [ [ i/ (i + %)
i=1
(b) Itis a continuous-time Markov chain since the
processes {X;(f)} are independent with each
being a continuous-time Markov chain.

(c) Yes, by Problem 28 since each of the processes
{X;(t)} is time reversible.

(d) The model that supposes that one of the
phones is down is just a truncation of the pro-
cess {X(t)} to the set of states A, where A

35.

36.

includes all 16 states except (0, 0, 0, 0). Hence,
for the truncated model

P{all working/truncated}
= P{all working}/(1 — P(0,0,0,0)

4
LT/ G + i)

i=1

4
1= [T/ + )

i=1

We must find probabilities P} such that

Piqi; = Pqj

or

cPigi="Pjgj, itieA,j¢A
Pigij=cPlqs, ifi¢AjeA
Pigij=Pigji,  otherwise

Now, P;g;; = Pjqj; and so if we let

ifiecA

n kPi/C
P ifid A

i = kp;

then we have a solution to the above equations. By
choosing k to make the sum of the P}’ equal to 1, we
have the desired result. That is,

k= (2 P;/c — Zpl)_l

icA i¢A

In Problem 3, with the state being the number of

machines down, we have

U = 2\ PO, 1= 1

01 = \ Pio=_ M p - 1
PEATE RS ) T )

Uy =pPyq=1

We will choose v=2\=2y, then the uniformized
version is given by

v =2(A+ ) fori =0,1,2

pr_q_ 2 A
W0 20+ (W +p)
2\ A

P = .1l =
L7200 + p) A+ )
n At p 7 2

D720+ ) A+ p) 200+ p)



Answers and Solutions 71

n_q_ Ate _1
U= 2N +p) 2
n_ Atw A A
BTN+ ) 200+ p)
7!
Ph=——
272N+ p)
2)
Ph=1- gt = 5t

20+ ) 200+ p)

37. The state of any time is the set of down
components at that time. For S C {1,2,...,n},
i¢S,jes

q(S,S +1) = \;
9(S,S —j) = p]-a|5\

where S +i=SU{i},S—j=Sn{j},|S| = number
of elements in S.

The time reversible equations are
Pl =P(S—i)\;, i€S
The above is satisfied when, for S = {iy, 1, ..., i}

PV VTS W
o k(llf+1)/zp(¢)
/j/il lj’iz e IU/ika

where P(¢) is determined so that

Y PS)=1

where the sum is over all the 2" subsets of
{1,2,...,n}.

P(S) =

38. Say that the process is “on” when in state 0.

(@) E[0(t + )] =E[0(t) + on timein (¢t + h)]

=n(t) + E[on time in (¢, ¢ + h)]
Now

E[on time in (f,t + h)|X(t) = 0] = h + o(h)
Elon time in (¢, 4+ h)|X(f) = 1] = o(h)
So, by the above
n(t + h) = n(t) + Poo(t)h + o(h)
(b) From (a) we see that
n(t 4+ h) — n(t)
h
Let i = 0 to obtain
n'(t) = Poo(t)

S S Y
Ad+p  A4p

= Poo(t) + O(h)/l’l

Integrating gives

pt A
Ap A+ p?

Since m(0) = 0 it follows that C = \/(A + ).

n(t) = e~ Ot 4

39. E[0(t)|x(0) = 1] = t — E[time in 1|X(0) = 1]

At I
=t— — 1—e
Ntn Ot

The final equality is obtained from Example 7b (or
Problem 38) by interchanging A and .

—()\+M)t]

40. Cou[X(s), X(t)] = E[X(s)X(t)] — E[X(s)IEX(})]
Now,

1 ifX@E) =Xt =1
X()X(t) = {0 otherwise

Therefore, fors < t
E[X(s)X(£)]
= P{X(s) = X(t) = 1|X(0) = 0}
= Pgo(s)Poo(t — s) by the Markovian property

- (AJ: ? [ + de= OS][4 e~ OtmE=9)]
o)

Also,
E[X(s)IE[X(})]

— ()\_: 7 [ 4 de= At 4 Ne~ (At
1

Hence,

Cov[X(s), X(1)]

= (}\_: : [1 + A~ QT e~ OFmi[pA+m)s _ 1]
1

41. (a) Letting T; denote the time until a transition out
of i occurs, we have

Pj=P{X(Y)=j} = P{X(¥) =j | T; < Y}

0; _ ) A
x5y + PIXO) =Y < Ty 2y
. 0ji A
— p,._ 0 i
_gplkpkwi o Wl

The first term on the right follows upon con-
ditioning on the state visited from i (which is k
with probability Pj;) and then using the lack of
memory property of the exponential to assert
that given a transition into k occurs before time
Y then the state at Y is probabilistically the
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same as if the process had started in state k
and we were interested in the state after an
exponential time with rate A\. As g = v;Py,
the result follows.

From (a)
(A + v)Pji =Y qiPyj + A
or ¢
—Adij = Y rikPyj — AP;;
or, in mat];ix terminology,
—A =RP — \IP
=(R - )P
implying that
P=-MR-MN)"'=-R/X-D""
=(-R/N
Consider, for instance,

P{X(Y; + Y2) = j|X(0) = i}
= > P{X(Y; + Y2) = j|X(Y;) = k, X(0) = i)
k

P{X(Y,) = k|X(0) = i}

=Y P{X(Y; + Y2) = jIX(Y;) = k}Py
k

=Y P{X(Y,) = jIX(0) = k} Py
k

= > PyPi
k

42.

(d)

(a)

(b)

and thus the state at time Y; + Y3 is just the
2-stage transition probabilities of P;;. The gen-
eral case can be established by induction.

The above results in exactly the same approx-
imation as Approximation 2 in Section 6.8.

The matrix P* can be written as
P*=I1+R/v

and so Pjj" can be obtained by taking the i, j

element of (I + R/v)", which gives the result
when v =n/t.

Uniformization shows that Pj(t)=E [P;‘]-N } ,
where N is independent of the Markov chain
with transition probabilities P;kj and is Poisson
distributed with mean vt. Since a Poisson ran-
dom variable with mean vt has standard devi-
ation (vt)l/ 2 it follows that for large values of
vt it should be near vt. (For instance, a Poisson
random variable with mean 10° has standard
deviation 10° and thus will, with high proba-
bility, be within 3000 of 10°.) Hence, since for
fixediand j, Pj;" should not vary much for val-
ues of m about vt when vt is large, it follows
that, for large vt

where n = vt

E {P;’;N } ~ P},



Chapter 7

1. (@ Yes, (b) no, (c) no.

2. (a) SjisPoisson with mean npu.
(b) P{N(t)=n}
=P{N@#) >n} —P{N@#) >n+1}
=P{Sy <t} —P{Sy1 <t}

[t]
= 2 e (np)k k!

k=0

[t]
D R (G YA
k=0

where [t] is the largest integer not exceeding .

3. By the one-to-one correspondence of m(t) and F, it
follows that {N(f),t > 0} is a Poisson process with
rate 1/2. Hence,

P{N(B)=0) =¢ /2

4. (a) No! Suppose, for instance, that the interarrival
times of the first renewal process are identi-
cally equal to 1. Let the second be a Poisson
process. If the first interarrival time of the pro-
cess {N(t),t > 0} is equal to 3/4, then we can
be certain that the next one is less than or equal
to1/4.

No! Use the same processes as in (a) for a coun-
ter example. For instance, the first interarrival
will equal 1 with probability e ~*, where \is the
rate of the Poisson process. The probability will
be different for the next interarrival.

(c) No, because of (a) or (b).

(b)

5. The random variable N is equal to N(I) + 1 where
{N(#)} is the renewal process whose interarrival
distribution is uniform on (0, 1). By the results of
Example 2c,

EIN]=a(l)+1=e

73

6. (a) Consider a Poisson process having rate A
and say that an event of the renewal process
occurs whenever one of the events numbered
r, 2r, 3r, ... of the Poisson process occur. Then

P{N(t) = n}
= P{nr or more Poisson events by ¢}
= f e MO /il
(b) E[N(5)]
§ § e MO/l

n=1i=nr

= § P{N(t) > n} =
n=1

o0

-3

i=r

i/ S
X e it = Y li/rle My
n=1

i=r

N

. Once every five months.

8. (a) The number of replaced machines by time ¢
constitutes a renewal process. The time bet-
ween replacements equals

T, if lifetime of new machineis > T
x, if lifetime of new machineis x,x < T.

Hence,
E[time between replacements]

T
_ / xf()dx + T[1 — E(T)]
0

and the result follows by Proposition 3.1.

The number of machines that have failed in use
by time t constitutes a renewal process. The
mean time between in-use failures, E[F], can
be calculated by conditioning on the lifetime
of the initial machine as

E[F] = E[E[F|lifetime of initial machine]]

Now

(b)

E[F lifetime of machine is x]
ifx<T

X,
B {T + E[F], ifx>T
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Hence,

T
E[F] = / xf(x)dx + (T + E[F])[1 — F(T)]
0
or
T
/0 xf(x)dx + T[1 — F(T)]

F(T)
and the result follows from Proposition 3.1.

E[F] =

Ajob completion constitutes areneval. Let T denote
the time between renewals. To compute E[T] start
by conditioning on W, the time it takes to finish the
next job:

E[T] = E[E[T|W]]
Now, to determine E[T|W = w] condition on S, the
time of the next shock. This gives
(0.)
E[T|W = w] = /E[T\W =w,S = x]\e Mdx
0

Now, if the time to finish is less than the time of the
shock then the job is completed at the finish time;
otherwise everything starts over when the shock
occurs. This gives

_ 4 Jx+E[T], if x<w
E[T|W_w,5_x]_{w, i x>w
Hence,

E[T|W = w]

o

w
= /(x + E[TD e Mdx + w/)\e*Axdx
0 w
=E[T][1-e ] 4+1/\ — we - %e‘”\w —we
Thus,
E[T|W] = (E[T] 4+ 1/X)(1 — e~ W)
Taking expectations gives
E[T] = (E[T] + 1/ — E[e~*"])
and so
1—E[e=W]
AE[e= ]

In the above, W is a random variable having distri-
bution F and so

E[T] =

o0

E[e=™] = / e~ Nf (w)dw

0

10.

11.

12.

13.

14.

Yes, p/

Nt _ 1 n number of renewals in (X1, f)

t t t

Since X; < oo, Proposition 3.1 implies that

number of renewals in (X7,f) 1
; - ; ast — oo.

Let X be the time between successive d-events.
Conditioning on T, the time until the next event
following a d-event, gives

d 9]
E[X] :/ xhe Mdx +/ (x + E[X])\e_“dx
0 d

=1/\ + E[X]e~M

1
Therefore, E[X] = NI — M)
(a) 1o M1 —e™M)
E[X]
(b) 1—e

(@) Njp and Nj; are stopping times. N3 is not.
(b) Follows immediately from the definition of I;.

(c) The value of I; is completely determined
from Xj,...,X;—1 (e.g., I; = 0 or 1 depend-
ing upon whether or not we have stopped
after observing Xj, ..., X;_1). Hence, I; is inde-
pendent of X;.

o0

(d) Y Ell]= Y P{N >i} = E[N]
i=1

i=1

(e) E[Xy+- -+ Xn,| = EIN{]E[X]
But X; +--- + Xy, =5,E[X] =pand so
E[N1]1=5/p
E[X1 + -+ + XN, | = E[N,JE[X]
E[X]=p,E[N,] =5p+3(1—p)=3+2p
E[X1+ -+ XN, | =GB+ 2p)p

(a) It follows from the hint that N(t) is not a stop-
ping time since N(t) = n depends on X, 1.
Now N(t) + 1 =n(<)N(it)=n—-1
(&)X +--+ X1 <8,
X1+ + Xy >t

and so N()+1=n depends only on
X1,...,Xy. Thus N(t) + 1 is a stopping
time.
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(b) Follows wupon application of Wald’s
equation—using N(t) + 1 as the stopping
time.

N(H)+1
(c) z X; is the time of the first renewal
i=1
after t. The inequality follows directly from this
interpretation since there must be at least one
renewal in the interval between t and t + m.
NH+1
() t< Y Xi<t+M
i=1
Taking expectations and using (b) yields

t<pmt)+1)<t+M
or

t—p<pmlt)y<t+M-—pu

or

11 _my 1, M-y

poot t % put
m() 1

Lett — oo to see that - T
I

(a) X; =amountof time he hasto travel after hisith
choice (we will assume that he keeps on mak-
ing choices even after becoming free). N is the
number of choices he makes until becoming
free.

(b) E[T]=E = E[N]E[X]

N
XX
1
N is a geometric random variable with
P=1/3,s0

E[N] = 3,E[X] = %(2+4+6) —4

Hence, E[T] = 12.

(c) E

N
2X,-|N=n] :(n—l)%(4+6)+2=5n—
1

3, since given N = n,Xj, ..., X;,_1 are equally
likely to be either 4 or 6, X;, = 2, E (ZT Xi) =
4n.
(d) From (c),
N
2 X
1

E —E[FN-3]=15-3=12

N
No, since Y X; = 4and E[X;] = 1/13, whichwould

1=i
imply that E[N] = 52, which is clearly incorrect.
Wald’s equation is not applicable since the X; are
not independent.

17.

18.

19.

20.

21.

22.

(i) Yes. (i) No—Yes, if F exponential.

We can imagine that a renewal corresponds to a
machine failure, and each time a new machine is
put in use its life distribution will be exponential
with rate pq with probability p, and exponential
with rate pp otherwise. Hence, if our state is the
index of the exponential life distribution of the
machine presently in use, then this is a 2-state
continuous-time Markov chain with intensity rates

q1,2=m( =p), g4y 1 = r2p

Hence,
P (t)
L ) NN S P B
= —p) tup O F {~ [ =p) +m2p] t}

H2p
(1 —=p) +pop

with similar expressions for the other transition
probabilities (P12(t) = 1 — P11(t), and Ppy(t) is the
same with ppp and pq(1 — p) switching places).
Conditioning on the initial machine now gives

E[Y(5)]
= pE[Y(H)|X(0) = 1] + (1 — p)E[Y(1)|X(0) = 2]

_p {Pn(t) Pzz(f)}
H1 H2

Jra-n[50

Finally, we can obtain m(t) from
ulm(t) + 1] =t + E[Y ()]
where

p=p/u+ 1 —p)/u
is the mean interarrival time.

Py (t
. 12()
2

+

Since, from Example 2c, m(t) = d—1,0<t <1,
we obtain upon using the identity t + E[Y(t)] =
ulm(t) + 1] that E[Y(1)] = e/2 — 1.

(Ri+---+Ry) ER

W, = -
"T X4+ X)) /n EX

by the strong law of large numbers.

HG
w1/

Cost of a cycle = C; + CoI — R(T)(1 - I).
1, ifX<T

I =
0,

where 4 is the mean of G.

where X = life of car.
ifX>T
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Hence,
E[cost of a cycle]

=Cy1 + GH(T) — R(T)[1 — H(T)]
Also,

E[time of cycle = / E[time|X = x]h(x)dx
= /t xh(x)dx + T[1 — H(T)]
0

Thus the average cost per unit time is given by
C1 + GH(T) — R(D[1 — H(T)]
;
/ xh(x)dx + T[1 — H(T)]
0

Using that E[X] = 2p — 1, we obtain from Wald’s
equation when p # 1/2 that

T
E[TI2p—-1)=E Lz X;
=1

v L= G/p) _.[ _1-@/py
=W Z)1—(17/;7)N gk 1—(q/p)N
g 1=G@/p
=Ny
yielding the result:
1-@/p) .
N—— % —i
_1-@/pN
E[T]—T/ p#1/2

When p = 1/2, we can easily show by a condition-
ing argument that E[T] = i(N — i)

Let Ny =N denote the stopping time. Because
X;,i>1, are independent and identically dis-
tributed, it follows by the definition of a stopping
time that the event {N7=n} is independent of
the values X,.;, i>1. But this implies that the
sequence of random variables Xy, 41, Xn,42, ... is
independent of Xj, ..., Xy and has the same dis-
tribution as the original sequence X;, i > 1. Thus if
we let N, be a stopping time on Xy, 41, XN 42/ ---
that is defined exactly as is Nj is on the original
sequence, then Xy, i1, Xny42, ..., XNj+N, is inde-
pendent of and has the same distribution as does
Xj, ..., Xy, - Similarly, we can define a stopping time
N3 on the sequence Xy, +N,+1, XN;+N,+2, --- thatis
identically defined on this sequence as is N; on
the original sequence, and so on. If we now con-
sider a reward process for which X; is the reward
earned during period i, then this reward process is

25.

26.

27.

28.

a renewal reward process whose cycle lengths are
Ni, Ny, .... By the renewal reward theorem,

E[X; + -+ + XN]
E[N]

But the average reward per unit time is

average reward per unit time =

n
lim, 0 Y, Xi/n, which, by the strong law of large
i=1
numbers, is equal to E[X]. Thus,
E[X1 + ...XN]

EXl ="

Say that a new cycle begins each time a train is
dispatched. Then, with C being the cost of a cycle,
we obtain, upon conditioning on N(t), the number
of arrivals during a cycle, that

E[C]=E[E|C|N(H)]] = E[K + N(t)ct/2]

=k + Act?/2
Hence,
average cost per unit time = @ = % + Act/2
Calculus shows that the preceding is minimized
when t = 1/2K/(\c), with the average cost equal to
V2MKc.

On the other hand, the average cost for the N
policy of Example 7.121is ¢c(N — 1)/2 + AK/N. Treat-
ing N as a continuous variable yields that its

minimum occurs at N = \/2AK/c, with a resulting
minimal average cost of V2AKc — ¢/2.

[c+2c+ -+ (N—=1)c]/A+ KNc + \K?c/2
N/X+K

_ o(N—1)N/2x+ KNc + \K?c/2
- N/A+K

Say that a new cycle begins when a machine fails;
let C be the cost per cycle; let T be the time of a
cycle.

c A A

E[C]=K + + — + —

€] A+ XA A+ A A A+ AN
1 A 1 Ao 1
E[T] = + — + —
[T A+ A A+ A A+ AN

T the long-run average cost per unit time is
E[C]/E[T].

For N large, out of the first N items produced
there will be roughly Ng defective items. Also, there
will be roughly NP; inspected items, and as each
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30.

31.
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inspected item will still be, independently, defec-
tive with probability g, it follows that there will be
roughly NPjq defective items discovered. Hence,
the proportion of defective items that are discov-
ered is, in the limit,

(1/p)
(1/pf —1+1/a

NP1q/Ng = P; =

(a) Imagine that you are paid a reward equal to
W; on day i. Since everything starts over when
a busy period ends, it follows that the reward
process constitutes a renewal reward process
with cycle time equal to N and with the reward
during a cycle equal to Wy + --- + Wy.
Thus E[W], the average reward per unit time,
is E[W; +--- + WyI/E[N].

(b) The sum of the times in the system of all
customers and the total amount of work that
has been processed both start equal to 0 and
both increase at the same rate. Hence, they are
always equal.

(c) This follows from (b) by looking at the value
of the two totals at the end of the first busy
period.

(d) It is easy to see that N is a stopping time
for the L;,i >1, and so, by Wald’s Equation,

N

E Z L;| = E[L]E[N]. Thus, from (a) and (c),
i=1

we obtain that E[W] = E[L].

Alt) _ t=Sno
t ot
S
_1_°N®
t
~ Sne N(t)
N(t) ¢t

The result follows since Sy)/N(t)—p (by the
strong law of large numbers) and N(t)/t—1/p.
P{E(t) > x]|A(t) = s}

= P{Orenewals in (¢, t + x]|A(t) = s}

= P{interarrival > x + s|A(t) = s}

= P{interarrival > x + slinterarrival > s}

_1-F(x+5s)

~ 1-F(s)

Say that the system is off at t if the excess at ¢ is less
than c. Hence, the system is off the last ¢ time units
of a renewal interval. Hence,

proportion of time excess is less than ¢
= E[off time in a renewal cycle] /[X]
= E[min(X, 0)l/E[X]

- /O " (1 - F)dx/E[X]

33. Let B be the amount of time the server is busy in

34.

35.

a cycle; let X be the remaining service time of the
person in service at the beginning of a cycle.

E[B] = E[B|X < t](1 —e ) + E[B|X > t]le~

1
=E[X|X < t]1 —e M g —— e M
[X|X < t](1—e )+(+>\+H)e

1
=EXEXX>te>‘t+(t+>e)‘t
[X] - E[X|X > 1] i

1 1
1 — At — At
=1l _ (4= )e My (t+—)e
" ( u) ( /\+u>

1 A
== |1—- M
u{ At }

More intuitively, writing X = B 4+ (X — B), and not-
ing that X — B is the additional amount of service
time remaining when the cycle ends, gives

E[B] = E[X] — E[X — B]

1 1P(X > B)
IO
_1 ol A
I
The long-run proportion of time that the server is
busy is LBl
YRR 1/N

A cycle begins immediately after a cleaning starts.
Let C be the cost of a cycle.

3T/4
E[C] = AC,T/4 + C1A / Gy)dy
0

where the preceding uses that the number of cus-
tomers in an M/G/oo system at time ¢ is Poisson

t
distributed with mean A / G(y)dy. The long-run
0

average cost is E[C]/T. The long-run proportion of

T/4
time that the system is being cleaned is % =1/4.

(a) We can view this as an M /G/oo system where
a satellite launching corresponds to an arrival
and F is the service distribution. Hence,

P{X(t) = k} = e OB k!
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t
where A(t) = )\/ (1 — F(s))ds.
0

By viewing the system as an alternating
renewal process that is on when there is at least
one satellite orbiting, we obtain

1/A
1/M+ E[T]

where T, the on time in a cycle, is the quantity
of interest. From part (a)

lim P{X(f) = 0} =

lim P{X(t) = 0} = ¢~ M

where ;= (1 — F(s))ds is the mean time

0
that a satellite orbits. Hence,

ef)\u — 1/)‘
1/XA+ E[T]
and so
1—e M
ElTl=— =

If we let N;(t) denote the number of times
person i has skied down by time £, then {N,(t)}
is a (delayed) renewal process. As N(t) =

ZNi(t), we have
N; (t 1
lim
2 2 pi + b;

where p; and 6; are respectively the mean of
the distributions F; and G;.

For each skier, whether they are climbing up or
skiing down constitutes an alternating renewal
process, and so the limiting probability that
skier i is climbing up is p; = i/ (i + 0;). From
this we obtain

lim P{U(t) =k} = {HPZH(l pz}

ieS iese

where the above sum is over all of the {n} sub-

sets S of size k. :
In this case the location of skier i, whether
going up or down, is a 2-state continuous-time
Markov chain. Letting state 0 correspond to
going up, then since each skier acts indepen-
dently according to the same probability, we
have

P{U®) =k} = [ ] [Poo®1T1 — Poo(®)]"~*

where Pgo(£) = (Ae™ A 1 1) /(A + p).

37. (a)

(©)

This is an alternating renewal process, with
the mean off time obtained by conditioning on
which machine fails to cause the off period.

3
= E[offli fails]P{i fails}

E[off]
i=1
M A2
=@1/5 o)
=P, IS WL S VI Vi
A3
e ww NP

As the on time in a cycle is exponential with
rate equal to Ay + Ap + A3, we obtain that
p, the proportion of time that the system is
working is

_ 1/(\ 4+ A2+ A3)

- E[C]

where

E[C] = E[cycle time]

=1/(\1 + A2 + A3) + E[off]

Think of the system as a renewal reward pro-
cess by supposing that we earn 1 per unit time
that machine 1 is being repaired. Then, r1, the
proportion of time that machine 1 is being
repaired is

I
M+ X+ A3
E[C]

(1/5)

r =

By assuming that we earn 1 per unit time when
machine 2 is in a state of suspended anima-
tion, shows that, with s, being the propor-
tion of time that 2 is in a state of suspended
animation,

1193y, + 02

s A1+ )\2 + A3
2= FIC]

38. Let T, r denote the time it takes to go from e to f,
and let d be the distance between A to B. Then, with
S being the driver’s speed

E[T4, ]l =

S =s]ds

1 60
5

60
20 40 S

d
=50 log(3/2)
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Also,
E[Tg, Al =E[Tg, |S = 40](1/2) + E[TB, 4|S

—60](1/2) = %(d/40 +d/60)
_d/48

1
20 log(3/2)

1
%log(3/2) +1/48

(b) By assuming that a reward is earned at a rate
of 1 per unit time whenever he is driving at a
speed of 40 miles per hour, we see that p, the
proportion of time this is the case, is

1
(1/2)d/40 80

T E[Tagl+E[Tgal L
20 log(3/2) + 1/48

E[Tx 5]

@) ETn sl + ElT5, 4] ~

Let B be the length of a busy period. With S equal to
the service time of the machine whose failure initi-
ated the busy period, and T equal to the remaining
life of the other machine at that moment, we obtain

E[B] = /E[B|S =s]g(s)ds
Now,
E[B|S =s]=E[B|S =5, T <s](1—e )

+ E[B|S=5,T >sle ™
= (s + E[B])(1 — e + se= ¢

=5+ E[B](1 —e™ )
Substituting back gives
E[B] = E[S] + E[BJE[1 — e~ ™]

or
_ E[S]

E[B] = E[e—/\s]

Hence,

E[idle] = /@A)

~ 1/(2)\) + E[B]

1/1-P
Proportion of time 1 shoots = 3/(71)

1/(1 - P;)
j=1

alternating renewal process (or by semi-Markov
process) since 1/(1 — P;) is the mean time marks-

man j shoots. Similarly, proportion of time i shoots
1/1—P)

Y -p)

41.

42.

43.

44.

/1 (1 — F(x)dx
0 10

1o
/0 zzxdx=2inpart(i)

1
/ e ™ dx=1-¢ lin part (ii)
0

X

(@) Fe(x) =% /e_y/“dy =1—e*/n

X

(b) Fe(x)z%/dyzx/c, 0<x<c
0

(¢) You will receive a ticket if, starting when
you park, an official appears within 1 hour.
From Example 5.1c the time until the offi-
cial appears has the distribution F., which, by
part (a), is the uniform distribution on (0, 2).
Thus, the probability is equal to 1/2.

Since half the interarrival times will be exponential
withmean 1 and half will be exponential with mean
2,itwould seem that because the exponentials with
mean 2 will last, on average, twice as long, that

- 2 1
Fe(x)= ge_x/z + ge_x

With p=(1)1/2 + (2)1/2=3/2 equal to the mean
interarrival time

Eoe [TEW
Fe(x)_/x Mdy

and the earlier formula is seen to be valid.

Let T be the time it takes the shuttle to return. Now,
given T, X is Poisson with mean AT. Thus,

EIX|T]= AT, Var(X|T) = AT

Consequently,

(a) E[X]= E[E[X|T]] = \E[T]
(b) Var(X)=E[Var(X|T)] + Var(E[X|T])
= \E[T] + A2Var(T)

(c) Assume that a reward of 1 is earned each time
the shuttle returns empty. Then, from renewal
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reward theory, r, the rate at which the shuttle
returns empty, is

_ P{empty}
"= TET

[ P{empty|T = t}f(t)dt
= E[T]

[ e~ Mf(t)dt

E[T]

B E[e—AT]
~ E[T]

(d) Assume that a reward of 1 is earned each time
that a customer writes an angry letter. Then,
with N; equal to the number of angry letters
written in a cycle, it follows that 7,, the rate at
which angry letters are written, is

ra = EIN,J/EIT]
— [ EINIT = )it /ELT]

_ / At~ Of (it /EIT]

c

— AE[(T — o)*1/EIT]

Since passengers arrive at rate ), this implies
that the proportion of passengers that write
angry letters is 7,/ \.

(e) Because passengers arrive at a constant rate,
the proportion of them that have to wait more
than c will equal the proportion of time that the
age of the renewal process (whose event times
are the return times of the shuttle) is greater
than c. It is thus equal to F,(c).

The limiting probabilities for the Markov chain are
given as the solution of

1
1 :1’25 + 73

rp =1
rn+rnt+ry=1

or

2 1
T1=72=g, r3=g

Q1IN

(@) n=z

b) P;= < and so,
ziriﬂi
2 4 3
Pr=2 Py=2, Py=>.
1 9/ 2 9/ 3 9

46. Continuous-time Markov chain.

47. (a) By conditioning on the next state, we obtain

48.

the following:
p; = E[time in ]

= 2 E[time in i|next state is j]P;;
=D ;P
i

(b) Use the hint. Then,
E[reward per cycle]
= E[reward per cycle|next state is j]P;;
= tijPj
Also,

E[time of cycle] = E[time between visits to i]

Now, if we had supposed areward of 1 per unit
time whenever the process was in state i and
0 otherwise then using the same cycle times as
above we have that

P — E[reward is cycle] i
"7 E[time of cycle] ~ E[time of cycle]
Hence,

E[time of cycle] = pu;/P;
and so
average reward per unit time = #;P;P; / i

The above establishes the result since the aver-
age reward per unit time is equal to the pro-
portion of time the process is in i and will next
enter j.

Let the state be the present location if the taxi is
waiting or let it be the most recent location if it is on
the road. The limiting probabilities of the embed-
ded Markov chain satisfy

2
71 - 57’3
1
Ty =11+ =13

3
rn+mn+r=1



49.

50.
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Solving yields
r _1 rp=r _3
1=3 Nn=rn=g

The mean time spent in state i before entering
another state is

p=1+10=11, pp=2+20=22,

2 1 67
pz =4+ {3}15 + [3}25 =3
and so the limiting probabilities are

66 198 201

Pi= 2 Pp= —— Py = .
1= 465727 465"~ 465

The time the state is 7 is broken into 2 parts—the
time #; waiting at i, and the time traveling. Hence,
the proportion of time the taxi is waiting at state i
is P;t; /(ti/ pi). The proportion of time it is traveling
fromitojis Pimij/(ti + pi)-

Think of each interarrival time as consisting of n
independent phases—each of which is exponen-
tially distributed with rate A—and consider the
semi-Markov process whose state at any time is
the phase of the present interarrival time. Hence,
this semi-Markov process goes from state 1 to 2 to
3...tonto1,and so on. Also the time spent in each
state has the same distribution. Thus, clearly the
limiting probabilities of this semi-Markov chain are
P;=1/n,i=1,...,n. To compute lim P{Y(t) < x},
we condition on the phase at time t and note that if
itisn—i 4 1, which will be the case with probability
1/n, then the time until a renewal occurs will be the
sum of i exponential phases, which will thus have
a gamma distribution with parameters i and .

N;(m)

@ Y X

=

(c) Follows from the strong law of large numbers

since the Xf are independent and identically
distributed and have mean p;.

(d) This is most easily proven by first consider-
ing the model under the assumption that each
transition takes one unit of time. Then N;(m) /m
is the rate at which visits to 7 occur, which, as

such visits can be thought of as being renewals,
converges to

(E[number of transitions between visits]) !

by Proposition 3.1. But, by Markov-chain the-
ory, this must equal x;. As the quantity in (d) is
clearly unaffected by the actual times between
transition, the result follows.

Equation (6.2) now follows by dividing numer-
ator and denominator of (b) by m; by writing
Xi _ X Niom)

m — Ni(m) (m)

and by using (c) and (d).

51. Itis an example of the inspection paradox. Because

every tourist spends the same time in departing
the country, those questioned at departure consti-
tute a random sample of all visiting tourists. On
the other hand, if the questioning is of randomly
chosen hotel guests then, because longer staying
guests are more likely to be selected, it follows that
the average time of the ones selected will be larger
than the average of all tourists. The data that the
average of those selected from hotels was approx-
imately twice as large as from those selected at
departure are consistent with the possibility that
the time spent in the country by a tourist is expo-
nential with a mean approximately equal to 9.

52. (a) P{X;+ ---+Xy,<Y}

=P{X;+ -+ X,_1 <Y}P{X <Y}

where the above follows because given that
Y > X, the amount by which it is greater is,
by the lack of memory property, also exponen-
tial with rate \. Repeating this argument yields

the result.
(b) EIN(Y)]= Y P{N(Y) >n}
n=1
=§P{X1+~--+XnSY}
n=1
> n_ p
where

P=P{X<Y}= /P{X <Y|X=x}f(x)dx

= / e~ MF(x)dx = E[e=™]
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54. Let T denote the number of variables that need
be observed until the pattern first appears. Also,
let T° denote the number that need be observed
once the pattern appears until it next appears. Let

p = Piprips
p~ ! =E[T>]
=E[T] — E[T1, ]
=E[T] - (pip2) ™"
Hence, E[T] = 8383.333. Now, since E[I(5)I(8)] =
(.1)3(.2)%(.3)%, we obtain from Equation (7.45) that
Var(T>) = (1/p)* = 9/p + 2(1/p)*(1)*(2)*(3)?
=6.961943 x 107
Also,
Var(Ty, 5) = (.02) 72 — 3(.02)~ ! = 2350
and so

Var(T) = Var(Ty, ) + Var(T™) ~ 6.96 x 107

55. E[T(1)] = (.24)~2 + (4)~! =19.8611,
E[T(2)] = 24.375, E[T1,] = 21.875,
E[T, 1] = 17.3611. The solution of the equations

19.861 = E[M] + 17.361P(2)
24.375 = E[M] + 21.875P(1)

1=P(1) + P(2)
gives the results

P(2) ~ 4425, E[M] ~ 12.18

10

(1100)! Y., il/oy

(b) Define a renewal process by saying that a
renewal occurs the first time that a run of
5 consecutive distinct values occur. Also, let a
reward of 1 be earned whenever the previous
5 datavaluesaredistinct. Then, letting R denote
thereward earned betweenrenewal epochs, we
have that

56. (a)

4
E[R]=1+ z E [reward earned a time i after
i=1
a renewal|

-2 (7))

=1+6/10 4+ 7/15 + 7/15 + 6/10

=47/15
If R; is thereward earned at time i then fori > 5

E[R]1=10-9-8-7-6/(10)'° = 189/625
Hence,

E[T] = (47/15)(625/189) ~ 10.362

T T
57. P{Y X;>x} = P{Y. X; > x|T = 0}(1 - p)
i=1 i=1

T

+ P{Y X; > x|T > 0}p
i=1

T
=P{) X; > x|T > 0}p
i=1

oo T T
F
:p/ P{ZXj>x\T>O,X1=y}%dy
0 i=1

P orv -
—/ P{> X;>x|T >0,X; =y}F(y)dy
0 =1

:Iu

-
t / F(y)dy

X

_P [ F 2
‘MA’“ wnww+ﬂ/ Ey)dy

X

_ N PV P [T
—M®+MAMXyW@@ MAP@@

where the final equality used that

mor=p =2 [~ Fpay



Chapter 8

1.

(a) E[number of arrivals]

= E[E{number of arrivals|service
period is S}]

= E[\S]
=Au
(b) P{0 arrivals}
= E[P{0 arrivals|service period is S}]
= E[P{N(S) = 0}]
— E[e—)\S]
X
= / e M e M ds
0

__ M
A+

This problem can be modeled by an M/M/1
queue in which A =6, ;1=8. The average cost rate
will be

$10 per hour per machine x average number of
broken machines.

The average number of broken machines is just L,
which can be computed from Equation (3.2):

L=X\(u—N)
6

:7:3
2

Hence, the average cost rate = $30/hour.

Let Cpy= Mary’s average cost/hour and C4 =
Alice’s average cost/hour.

Then, Cp;=9%$3 + $1x (Average number of cus-
tomers in queue when Mary works),

and Cyp=$C+$1x (Average number of cus-
tomers in queue when Alice works).

The arrival stream has parameter A = 10, and there
are two service parameters—one for Mary and one
for Alice:

83

pm =20,  pa = 30.

Set Lj; = average number of customers in
queue when Mary works and
L4 = average number of customers in
queue when Alice works.

10

Thy ing E i 2),Lyy= 77— =1
en using Equation (3.2), Ly 20— 10)

10 1

L = ——= =

AT (20-10) ~ 2

So Cp =9%3 + $1/customer x Ly; customers
=9%3 + $1
= $4/hour

Also, C4 = $C + $1/customer x Ly customers
=5C+§1% 5
1
=$C + 3 / hour

(b) We can restate the problem this way: If C4 =

Cp, solve for C.

1
4=C+ 3 = C = $3.50/hour

ie, $3.50/hour is the most the employer
should be willing to pay Alice to work. At a
higher wage his average cost is lower with

Mary working.

Let N be the number of other customers that were
in the system when the customer arrived, and let

C= 1/fwé(x). Then
Iniw (%) = Cwgn(xm)PAN = n}

n—1
= Cuf“x%(/\/ W™ (1 =X/ )

B ()\x)nfl
T (-1
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where

K= e Ou)d— M)

fwg ()
Using
1= ilfmwa(ﬂx) Z ()\x)n 1 = Ke™
n=
shows that
! 00

Injw (nlx) =e =D

Thus, N — 1 is Poisson with mean Ax.
The preceding also yields that for x > 0
fiy () = XX pieHE )1 = A/ )

= 2 — N~

Hence, for x > 0

PIWG < x} =P(Wg =0} + [ fu iy

=1— 2 + 2(1—e (1A

LetI equal 0if W, = 0 and let it equal 1 otherwise.
Then,

E[W5|I=0]1=0
EW5IT=1]= (u—N""
Var(Wg|I=0) =0

Var(Wh|I=1) = (u — 1) 2
Hence,
E[Var(WH|IT= (n—A\)"2M\/
Var(EIW5ITD) = (1 — N "2A\ /(L — A/ 1)
Consequently, by the conditional variance formula,

A A
p( =N (=)

Var(Wg) =

E[(S1 — Y)"]=E[(S;
A
N+ )

A
- Y)+|Sl > Y]m

Also,

E[S1(S1—Y)*]

=E[sl<sl ~V*IS > VI
= 14 (ELS = (S = V)FIS1 > V]
+ E[Y(S1 = Y)*[S1 > Y])
= %(E[SH + E[Y|S1 > YIE[(S; — Y)*|S1 > Y])
2
= + [ ( txian
Hence,
Cov(Si (S1—Y)F+6S)=-2A (2, 1 1
OV(l/(l )+2) >\+:LL(/_,L2+)‘+/'LH)
A
1A\ + 1)
_ A + A
PO+ + p)?

To compute W for the M /M /2, set up balance equa-
tions as

Apo = pp1
A+ wp1=

(each server has rate )
Apo + 2up2
A+ 2u)pn = Apn—1 + 2ppni1, n>2

These have solutions P, = p" /2"~ 1py where
p=Ap

8]
The boundary condition Y, P, = 1 implies
n=0

1—p/2 _2=p)
1+p/2 24 p)
Now we have P, so we can compute L, and hence

W from L = AW :
}n—l
=2po Zn{

) o)
]n
n=0

Lzznpnzppozn[
2 2-p) (/2

n=0 n=0
B (2+p) (1—p/2)?

Py =

N

o0

N

-2 p)(Z—p)

4p)
T @u+t A)(Zu A)

From L = AW we have

4u
Qu+ N2p—A)

W= Wm/m/Z =
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The M/M/1 queue with service rate 2y has

1
Win/m/1 = ———
m/m/ Y
from Equation (3.3). We assume that in the
M/M/1 queue, 2;t > ) so that the queue is stable.

4 1 which
A

But then 4 > 2u + A, or >
implies Wm/m/2 > Wm/m/1.

The intuitive explanation is that if one finds the
queue empty in the M/M/2 case, it would do no
good to have two servers. One would be better off
with one faster server.

Now let W}, = Wo(M/M/1)
W§ =Wq(M/M/2)

Then,

Wh=Wm/m/1—1/2u

WE =Wm/m/2—1/p

So,
A

wh=-— " (33)

Q7 2uu—N)
and

)\2

WG =

Q7 p@u—NQu+ N
Then,

1 2 1 A
Wo>Wh &5 > PITESY

A<2u

Since we assume A < 2y for stability in the
M/M/1, Wé < Wé whenever this comparison is
possible, i.e., whenever A < 2.

This model is mathematically equivalent to the
M/M /1 queue with finite capacity k. The produced
items constitute the arrivals to the queue, and the
arriving customers constitute the services. That is,
if we take the state of the system to be the number
of items presently available then we just have the
model of Section 8.3.2.

(a) The proportion of customers that go away
empty-handed is equal to Py, the proportion
of time there are no items on the shelves. From
Section 8.3.2,

__1=Mn
ERETGVREE

10.

11.

(b) W= ﬁ where L is given by Equation
— Ik
(8.12).

(c) The average number of items in stock is L.

Take the state to be the number of customers at
server 1. The balance equations are

pPo = pPq

2pPj = pPjiq + pPj—1, 1<j<n

pPn = pPy—q

It is easy to check that the solution to these equa-
tions is that all the P;s are equal, so P; = 1/(n + 1),
j=0,..,n

The state is the number of customers in the system,
and the balance equations are

m9PO =/.LP1
((m — )0 + p)Pj = (m —j + 1)6Pj_4
+ wPjp1, 0<j<m
Py = 0Py, 1
m
1=YP;
j=0

(@ Ao =37, (m—))OP;
(B) L/Aa=3"0jPj/ Dy (m —)OP;

(a) )\PO = OzuPl

A+ ap)Py = APy_1 + apPyy, n>1

These are exactly the same equations as in the
M/M/1 with au replacing p.. Hence,

n
e [A 2] v
ap afp
and we need the condition A < apu.

(b) If T is the waiting time until the customer first
enters service, then conditioning on the num-
ber present when he arrives yields

E[T]= ) E[T|n present]P,
n

n
-y p
zn:u"
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Since L = Z nP,, and the P, are the same as
in the M/M /1 with A and au, we have that
L= )\/(ap—X)and so
A
ap—N)
(c) P{enters service exactly n times}
=1-a)"'a

(d) This is expected number of services x mean
services time = 1/au

E[T] =

(e) The distribution is easily seen to be memory-
less. Hence, it is exponential with rate a.

(@) Ao = 1ip1
(A + wp1 = Apo + 2pp2
A+ 2)pn = Apu—1 + 2uppi1 n>2
These are the same balance equations as for the
M/M /2 queue and have solution

_[2u—=A N
Po = 2M+)‘ 4 p”_zn—lunpo
(b) The system goes from 0 to 1 at rate A\pg =

A2p— A
@ ). The system goes from 2 to 1 at rate

2u+A)
N©2u—N)
2upy = ———2.
HP2 = o+ N

(¢) Introduce a new state cl to indicate that the
stock clerk is checking by himself. The balance
equation for P is

A+ wpa = pp2

The reason for p; is that it is only if the checker
completes service first in p, that the system
moves to state cl. Then

I A S

AT 20+ ) @p N

Finally, the proportion of time the stock clerk
is checking is

Pel p2

+ Z Pn="Pd +—F
Pe = c 120+ N

Let the state be the idle server. The balance equa-
tions are

Rate Leave = Rate Enter,

—_ M M1

— M2 M2
(1 + p3)Pr = 755 Py + 3o P,

p+ p2 + pz=1.

14.

15.

These are to be solved and the quantity P; repre-
sents the proportion of time that server i is idle.

There are 4 states, defined as follows: 0 means the
system is empty, i that there are 7 type 1 customers
in the system, i = 1,2, and 1, that there is one type
2 customer in the system.

(b) (A1 + A2)Po = 111 P1 + 112 P,
(M1 + p1)P1=MPo + 211 P,

2p Py = Py

p2P1, = AaPo

Pyg+ Py + P+ Py, =1
L P1+2P2+P12

W = — =
(© N v+ )Py + MPy

(d) Let Fq be the fraction of served customers that
are type 1. Then F;

_ rate at which type 1 customers join the system
rate at which customers join the system
_ _ M(Po+Py)
AM(Po + P1) + APy

There are four states=0,14,1p,2. Balance equa-
tions are

2P =2P,

4P;, =2P; + 2P,

4Py, = 4P, + 4P,
6P, =2P;,

3
P0+P1A+P13+P2=1:>P0=§

2 3 1
Py, =2,P =2,Py=~
1a 9’ 1p 9r2 9
2
(a) PO+P15:§

(b) By conditioning upon whether the state was 0
or 1z when he entered we get that the desired
probability is given by

1,12 4
2 26 6
7
(c) Py, + P1; + 2P, = )
(d) Again, condition on the state when he enters

to obtain

L, 1], 11, 21 _ 7
214 2 214 62| 12
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This could also have been obtained from (a)

and (c) by the formula W =%.

B

16. Let the states be (0, 0), (1,0), (0, 1), and (1, 1), where
state (i,j) means that there are i customers with
server 1 and j with server 2. The balance equations
are as follows.

o1
N

Thatis, W =
2

[ —
WIN

APoo = p11P1o + p2Po1
(A + p1)Prg = APoo + p2Pn
(A + p12)Po1 = m P
(1 + p2)P11 = APo1 + AP1o

Pog + Po1 + P1o+ P11 =1

Substituting the values A=5,pu1 =4, up =2 and
solving yields the solution

Poo = 128/513, P1o = 110/513,
Py = 175/513

Py1 = 100/513,

@ W=L/X\ = [1(Po1 + P1o) + 2Pul/[A1 -
P11)] = 56/119
Another way is to condition on the state as seen
by the arrival. Letting T denote the time spent,
this gives

W = E[T|00]128/338 + E[T|01]100/338
+ E[T|10]110/338
=(1/4)(228/338) + (1/2)(110/338)
=56/119
(b) Py + P13 =275/513
17. The state space can be taken to consist of states
(0,0),(0,1),(1,0),(1,1), where the ith component of

the state refers to the number of customers at server
i,i =1,2. The balance equations are

2Py, 0 =6Py, 1
8Pp, 1 =4P1,0 + 4P1,1
6P1,0=2Pg, 0 + 6P1,1
10P; 1 =2Py, 1 + 2P1,0
1="Po,0 + Po,1 + P1,0+ P1,1

Solving these equations gives Py o = 1/2,
Py 1=1/6,P1,0=1/4,P; 1 =1/12.

(@ Py,1=1/12
L Po1+Po+2P,1 7

b) W=—= ==
®) y 21— Py 1) 2
© Po,o+Po1 _ 8

1-P, 11

18. (a) Let the state be (i, ], k) if there are i customers
with server 1, j customers with server 2, and k
customers with server 3.

(b) APo,0 = p3Po,0,1
(A + p1)P100=APopo + p3P101
(A + p2)Poj,0 = p3Poja
(A + p3)Popa = p1P1o0 + p2Po1,0
(11 + p2)P11,0=AP10,0 + APo1,0 + 3P111
A+ 1 + p3)Pro1 = APoo1 + p2P11a
A+ p2 + p3)Poa1 = P11,
(11 + p2 + p3)P1aa = APoaa + AP

> Pijx=1
ijk
L
() w= ~
_ P10+ Po10+Poor +2(P110+ P11+ Por1) +3P11
B A= P10 —P111)
(d) Let Qy,x be the probability that the person at
server 1 will be eventually served by server
3 when there are j currently at server 2 and
k at server 3. The desired probability is Q1.
Conditioning on the next event yields

4 A
= +
Q1,00 R e Q1,1,0
M1 2
Q110= + Q1,01
M1+ g2 g o2
Qoi=v———"—0111+ — Q1,00
At+p1+p3 At p1+p3
12 M3
Qii=—"0Q101+ Q1,10
M1+ p2 + 3 H1 + po + (3

Now solve for Q1 9,0.

19. (a) Say that the state is (1, 1) whenever it is a good
period and there are # in the system, and say
that it is (n, 2) whenever it is a bad period and
there are 7 in the system, n =0, 1.

(b) (M + a1)Py, 1 =pP1,1 + azPy, 2
(A2 + a2)Pg, 2 = P12 + a1Pg 1
(u 4+ a1)P1,1=MPo, 1 + azPq,2

(4 4 a)P1,2 =X oPg » + a1Pq, 1
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21.
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Po,1+Po 2+ P11+ P2=1
(c) Po,1+ Po,2
(d) APo, 1+ A2Po,2

(a) The states are 0,(1, 0),(0, 1) and (1, 1), where
0 means that the system is empty, (1, 0) that
there is one customer with server 1 and none
with server 2, and so on.

(b) (M1 + A2)Po = pu1P1o + p2Por
(A1 + A2 + )P0 = MPo + poPn
(M + m2)Po1 = AP + P
(11 + p2)P11 = MPo1 + (A1 + A2)Pro
Py + Pig+ Py + P =1

(c) L =Py + P+ 2Py
(d) W=L/A\ =L/[M(Q —P11) + A(Po + P1p)]

(@) A1P1g

(b) A2(Pg + P1o)

(© MPio/[MPio + Aa(Pg + Pro)]

(d) This is equal to the fraction of server 2’s cus-
tomers that are type 1 multiplied by the pro-
portion of time server 2 is busy. (This is true
since the amount of time server 2 spends with

a customer does not depend on which type of
customer it is.) By (c) the answer is thus

(Po1 + P11)M1P1o/[MP1o + A2(Py + Pig)]

The state is the pair (i,j),i = 0,1,0 <j < n where i
signifies the number of customers in service and j
the number in orbit. The balance equations are

(A +jO)Poj=pP1j, j=0,..,N

A+ /J)Pu = )\PO,]' + (] + 1)9P0,j+1/

j=0,..,N-1
uP1N = APoN
(@ 1-Pin
(d) The average number of customers in the sys-
tem is
L=YG+)P;

L]
Hence, the average time that an entering cus-
tomer spends in the system is W=L/A\(1 —
P1,n), and the average time that an entering
customer spends in orbitis W —1/p.

23.

24,

(a) The states are n,n > 0, and b. State n means
there are n in the system and state b means
that a breakdown is in progress.

(b) BPy =a(l - Py)
APy = puPy + BPy

A+ p+a)P,=APy—1 + pPyy, n>1

(© W=L/\ =Y nPs/[\1-Py)]

n=1
(d) Since rate at which services are completed =
(1 — Py — Py) it follows that the proportion of
customers that complete service is
(1 — Py — Pp)/Aa
= u(1 =Py — Py)/[M(1 = Pp)]
An equivalent answer is obtained by condi-

tioning on the state as seen by an arrival. This
gives the solution

[e.e]

Pulp/(n + a)]"

n=0

where the above uses that the probability that
n + 1 services of present customers occur
before a breakdown is [/ (1 + a)]"+1.

(e) Py

The states are now n,n > 0,and n’,n > 1 where
the state is # when there are n in the system and
no breakdown, and it is #’ when there are n in the
system and a breakdown isin progress. The balance
equations are

AP = pPy
A+ o+ a)Py= APy 1 + pPyy1 + BPy,
(B + NPy =aPy

(6 + )‘)Pn’ =aP,; + Ap(nfl)'/ n>2

[e.°] o0
Y P+ Y Py=1
n=0 n=1

In terms of the solution to the above,

o0

L= Y nP, +Py)
n=1

and so

W =L/Aq =L/A



25.

26.

27.
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(a) APy = paPs + pupPp
(A + pa)Py =arPy + ppP>
(A + pg)Pp = (1 —a)APy + paPs
(A + pa+pp)Pr = APy 1 + (1A + pB)Py iy

n>2 where Py=Pjy+ Pg.

o0
(b) L=Ps+Pg+ Y nP,
n=2
Average number of idle servers=2Pj+
P4 + Ps.

HA .~
(c) Pp+Pp+ ——— P
0 MA+MB,Z‘2 "

States are 0,1,1/,...,k —1(k— 1), k,k + 1, ...
with the following interpretation

0 = system is empty
n =n in system and server is working

n’ =n in system and server is idle,

n=12,..., k-1

() APo = puP1, (A + p)P1 = pP?
AP, = APu_qyn=1,..,k—1
(A + )P = AP—1y + pPri1 + AP

A+ )Py =APy_1+ pP, 1rn>k

k-1 lrk—1-n n X n
b) < lpy+ 2[+]p/+ Y P
A n=1 A K " n—1 K

() A<pu

(a) The special customer’s arrival rate is act 6
because we must take into account his ser-
vice time. In fact, the mean time between his
arrivals will be 1/6 + 1/u1. Hence, the arrival
rateis (1/60 + 1/p1) L.

(b) Clearly we need to keep track of whether the
special customer is in service. For n > 1, set

P, =Pr{n customers in system regular cus-
tomer in service},

P5 =Pr{n customers in system, special cus-
tomer in service}, and

Py = Pr{0 customers in system}.
(A + )Py = pPy + p1 P}
(A + 0 4+ wP, = APy_1 + pPpy1 + mP5 4
(A + wP5 =0P,_1 + AP5_,,
n>1[P§ =Py

(c) Since service is memoryless, once a customer
resumes service it is as if his service has
started anew. Once he begins a particular ser-
vice, he will complete it if and only if the next
arrival of the special customer is after his ser-
vice. The probability of this is Pr {Service <
Arrival of special customer} = u/(u + 6), since
service and special arrivals are independent
exponential random variables. So,

Pr{bumped exactly n times}

=1 —p/(p+ )" (1/( + 0))
=(0/(u+ 0)"(/(n + 0))
In essence, the number of times a customer is

bumped in service is a geometric random vari-
able with parameter p/(1 + 6).

28. If a customer leaves the system busy, the time until

the next departure is the time of a service. If a cus-
tomer leaves the system empty, the time until the
next departure is the time until an arrival plus the
time of a service.

Using moment-generating functions we get
A
E{e‘m = ;E{e‘sD |system left busy}

+ [1 - /\] E{e°P|system left empty}
I

LIRS

where X has the distribution of interarrival times,
Y has the distribution of service times, and X and
Y are independent.

Then
E{¢"*H1)} = E{e?XeV))

=E [e‘SX 1E [e‘w)] by independence

el
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)= 3] 2] [1-3] ][]
- ﬁ

By the uniqueness of generating functions, it fol-
lows that D has an exponential distribution with
parameter A.

(a) Letstate 0 mean that the server is free; let state
1meanthata type 1 customer is having a wash;
let state 2 mean that the server is cutting hair;
and let state 3 mean that a type 3 is getting a
wash.

(b) APy = p11P1 + poPs
mP1 = Ap1Po
poPy = ApaPo + 1 P3
mP3 = ApsPo

Poy+P1+P,+P3=1

(© P
(d) AP
Direct substitution now verifies the equation.

The total arrival rates satisfy

A1=5

1 1
=1 — —
Ao 0+35+2)\3

1
A=15+ 25+ X

Solving yields that A; =5, Ay =40, A\3=170/3.

Hence,
3
i 2
L= 2 Ai = 82
i=1 i — >\i 13
L 4

=1’1+1’2+1’3_ﬁ

Letting the state be the number of customers at
server 1, the balance equations are

(12/2)Po = (11/2)Pq
(11/2 + p2/2)P1 = (u2/2)Py + (111/2)P>
(11/2)P2 = (u2/2)Pq

Pyg+ Py +Pr=1

33.

34.

35.

Solving yields that

P1 =1+ m/pm+ p2/m)"Y, Po=p/mPi,

Py = po /Py

Hence, letting L; be the average number of cus-
tomers at server i, then

Ly =Py + 2Py, L,=2-14

The service completion rate for server 1 is
(1 — Pg), and for server 2 it is ux1 — P5).

(a) Use the Gibbs sampler to simulate a Markov
chain whose stationary distribution is that of
the queuing network system with m — 1 cus-
tomers. Use this simulated chain to estimate
P; u—1, the steady state probability that there
are i customers at server j for this system.
Since, by the arrival theorem, the distribu-
tion function of the time spent at server j in
the m customer system is Z:.Z)l Pi m—1Giti(x),
where Gi(x) is the probability that a gamma
(k, r) random variable is less than or equal to

x, this enables us to estimate the distribution
function.

(b) This quantity is equal to the average number
of customers at server j divided by m.

o
I 1i(ki — Ap)
Wo =Lg/Aa = ——=
P
]
Let S and U denote, respectively, the service time

and value of a customer. Then U is uniform on
(0, 1) and

E[S|U]=3+4U, Var(S|U)=5

Hence,

E[S] = E{E[S|U]} =3 + 4E[U] =5

Var(S) = E[Var(S|U)] + Var(E[S|U])
=5+ 16Var(U) =19/3

Therefore,

E[S?*] =19/3 + 25 =94/3

94)/3

(a) W=Wq+E[S]= 15 +5
94)/3

(b) WQ+E[S\U:x]:7/+3+4x

1—-06A
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36. The distributions of the queue size and busy
period are the same for all three disciplines; that of
the waiting time is different. However, the means
are identical. This can be seen by using W=L/J,
since L is the same for all. The smallest vari-
ance in the waiting time occurs under first-come,
first-served and the largest under last-come, first-
served.

37. (a) The proportion of departures leaving behind
0 work
= proportion of departures leaving an
empty system
= proportion of arrivals finding an empty
system

= proportion of time the system is empty
(by Poisson arrivals)
=Py
(b) The average amount of work as seen by a
departure is equal to the average number it
sees multiplied by the mean service time (since
no customers seen by a departure have yet
started service). Hence,

Average work as seen by a departure
= average number it sees x E[S]
= average number an arrival sees x E[S]
= LE[S] by Poisson arrivals

= MW + E[SDE[S]

_ ME[SIE[$?]

YoARfS] + AELSD?

38. (a) Y, =number of arrivals during the (n + 1)st

service.

(b) Taking expectations we get
EXyy1 =EXy—1+EY, + Eéy

Letting n — oo, EX;;41 and EX,; cancel, and
EY o = EY1. Therefore,

Eéso = 1—EY;

To compute EY, condition on the length of
service S; E[Y1|S =t] = At by Poisson arrivals.
But E[AS] is just AES. Hence,

Edoo =1—AES
(c) Squaring Equation (8.1) we get
(X2 =X2+ 1+ Y2+ 20X, Y — X) — 2V,
+ 0n(2Yy +2X — 1)

(d)

39. (a)

(b)

(©

91

But taking expectations, there are a few facts
to notice:

E6,S, =0 since 6,5,=0

Y, and X, are independent random variables
because Y, = number of arrivals during the
(n + 1)* service. Hence,

EXyYn = EXy,EYy

For the samereason, Y}, and J, are independent
random variables, so Ed, Y, = E6,EY .

EY? = AES + X*ES? by the same conditioning
argument of part (b).

Finally also note 02 = ..

Taking expectations of (*) gives

EX2.1 =EX% + 1+ AE(S) + A2E(S?)
+ 2EX,(AE(S) —1)
—2)\E(S) + 2\E(S)ES, — Eb,

Letting n — oo cancels EX2 and EX2,;, and
Ed;, — Edoo = 1 — AE(S). This leaves

0= A2E(S?) 4+ 2EXoo(AE(S) — 1) + 2)\E(S)
[1— AE(S)]

which gives the result upon solving for EX .

If customer n spends time W, in system,
then by Poisson arrivals E[X,|W,]=AW,.
Hence, EX;; = AEW,, and letting n — oo yields
EX s = AW =L. It also follows since the aver-
age number as seen by a departure is always
equal to the average number as seen by an
arrival, which in this case equals L by Poisson
arrivals.

ay = Py due to Poisson arrivals. Assuming that
each customer pays 1 per unit time while in
service the cost identity (2.1) states that

Average number in service = AE[S]
or

1— Py = AE[S]

Since gy is the proportion of arrivals that have
service distribution G; and 1 — ag the propor-
tion having service distribution G, the result
follows.

We have

_ E[I]
O~ E[] + E[B]
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and E[[]=1/X and thus,

E[B] =1 A—PE 0

_ __E[S]
= T—AE[S]

Now from (a) and (b) we have
E[S] = (1 — AE[SDE[S;] + AE[SIE[S;]

or

E[54]
1+ AE[S;] + AE[S,]

E[S] =

Substitution into E[B] = E[S]/(1 — AE[S]) now
yields the result.

(@) (i) A little thought reveals that time to go
from n to n — 1 is independent of 7.
nE[S]
1 — A\E[S]
(b) (i) E[T|N]=A + NE[B]
(i) E[T]=A + E[N]E[B]
MAE[S] A

=4+ T AE[S] ~ 1— )E[S]

(ii) nE[B] =

E[N]=2,E[N?] = 9/2, E[S*] = 2E%[S] = 1/200

15
——/4+4 . 2/4
wo22/tHE 20w
1-8/20 480
41 1 17

Q7480 20 ~ 480

For notational ease, set &« = \1/(A\; + A\p) = pro-
portion of customers that are type L

1= AlE(Sl)r PzE(Sz)

Since the priority rule does not affect the amount of
work in system compared to FIFO and WIQIFO =V,
we can use Equation (6.5) for WI(»"QIFO' Now Wg =
aW}Q +(1- a)Wé by averaging over both classes
of customers. It is easy to check that Wg then
becomes

[MES?+ XES3] [a(1 = pr = p) + (1 = )]
2(1—p1 = p2)(1 = p1)

which we wish to compare to

Wgo =

[AlEs% + AzEsﬂ (

1—p1)
W, — :
FIFO 20—p1—p2) (T —p)

Then Wo < Wigo € a(—p1 —p2) < —p1

Sap>1-a)n
M
A2
> N+ -MES
< E(S5;) > E(S57)

. Problem 42 shows that if ;11 > pp, then serving 1’s

first minimizes average wait. But the same argu-
ment works if c1 1 > copn, ie.,

ES) _ ES)
1 M1

. (a) Aslong as the server is busy, work decreases

by 1 per unit time and jumps by the service
of an arrival even though the arrival may go
directly into service. Since the bumped cus-
tomer’s remaining service does not change
by being bumped, the total work in system
remains the same as for nonpreemptive, which
is the same as FIFO.

(b) As far as type I customers are concerned, the
type II customers do not exist. A type I cus-
tomer’s delay only depends on other type I
customers in system when he arrives. There-
fore, Wé = V! = amount of type I work in sys-
tem.

By part (a), this is the same V! as for the
nonpreemptive case (6.6). Therefore,

, |, ME[S]
or
ME [sﬂ
Wo=5r—175cy
2(1 = ME(S)]

Note that this is the same as for an M/G/1
queue that has only type I customers.

(c) This does not account for the fact that some
type II work in queue may result from cus-
tomers that have been bumped from service,
and so their average work would not be E[S].

(d) If a type II arrival finds a bumped type II in
queue, then a type I is in service. But in the
nonpreemptive case, the only difference is that
the type II bumped customer is served ahead
of the type I, both of whom still go before the
arrival. So the total amount of work found fac-
ing the arrival is the same in both cases. Hence,
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2
VQ (nonpreemptive) + E (extra time)
W(22 T ~ — Y
total work found extra time due
by type II to being bumped

(e) As soon as a type Il is bumped, he will not
return to service until all type I's arriving dur-
ing the first type I's service have departed, all
further type I's who arrived during the addi-
tional type I services have departed, and so on.
Thatis, each time a typell customer is bumped,
he waits back in queue for one type I busy
period. Because the type I customers do not
see the type IIs at all, their busy period is just
an M /G, /1 busy period with mean

E(51)
T-MEGS))
So given that a customer is bumped N times,
we have
. _ NE(Sy)
E{extra time|N} = T-MEGS)

(f) Since arrivals are Poisson, E[N|S;] = A1S7,
and so EN = \ES,.

(g) From (e) and (f),

ME(Sp)E(S;)

1—ME(S)
with (e) gives the result.

E(extra time) = . Combining this

By regarding any breakdowns that occur during a
service as being part of that service, we see that
this is an M/G/1 model. We need to calculate the
first two moments of a service time. Now the time
of a service is the time T until something happens
(either a service completion or a breakdown) plus
any additional time A. Thus,

E[S]=E[T + A]
= E[T] + E[A]

To compute E[A] we condition upon whether the
happening is a service or a breakdown. This gives

E[A] = E[A|service]

n+«

+ E[A|breakdown] a

u+«

= E[A|breakdown] a
o+«

o
=(1/8+ E[S])m

Since, E[T] =1/(v + ) we obtain

IS = —— + (/6 + EIS)

or
E[S]=1/p+ a/(uB)
We also need E[S?], which is obtained as follows.

E[S*] =E[(T + A)*]
= E[T?] + 2E[AT] + E[A?]
= E[T?] + 2E[A]E[T] + E[A?]

The independence of A and T follows because
the time of the first happening is independent of
whether the happening was a service or a break-
down. Now,

E[A?] = E[A%|breakdown] o

n+«

=#_’_a
«

:M+a
o 2 211 «
__o f2 21, o Esz}
u+a{ﬂz+ﬁ{u+uﬂ}+ [57]
Hence,

2 Q@
$% = {
ELS (1 + B)? 2 Bl + )

o (1 a)}
+ —+ —
pta \p  pp
« 2 2 (1 «
+ — S+ |+ = +E52}
u+a{ﬂ2 ﬁ[u uﬂ] (57
Now solve for E[S%]. The desired answer is
AE[S?]

2(1— AE[S])

In the above, S¢ is the additional service needed
after the breakdown is over. S¢ has the same dis-
tribution as S. The above also uses the fact that
the expected square of an exponential is twice the
square of its mean.

LE[(down time + $%)?]

{E[downZ] + 2E[down]E[S] + E[SZ]}

Wgo =

Another way of calculating the moments of S is to
use the representation

N
S= Y (T; +Bi) + Tnt1
=

1
where N is the number of breakdowns while a cus-
tomer is in service, T; is the time starting when ser-
vice commences for the i time until a happening
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occurs, and B; is the length of the i breakdown.
We now use the fact that, given N, all of the ran-
dom variables in the representation are indepen-
dent exponentials with the T; having rate u + «
and the B; having rate (3. This yields

EISIN]= (N + 1)/(u + ) + N/
Var(SIN) = (N + 1)/(u + a) + N/

Therefore, since 1 + N is geometric with mean
(1 + a)/p (and variance oo + 1)/ pi?) we obtain

E[S]=1/p+ a/(upB)

and, using the conditional variance formula,
Var(S) =[1/(n + o) + 1/6Pala + p)/p?

+ 1/[u(p + )] + /ui?)
3 is to be the solution of Equation (7.3):

o
ﬁ:/ e*ut(lfﬂ)dG(t)
0

G =1—¢eMA<p) and f=\u
o [e.e]
/ e—ut(l—/\/u)d(;(t) :/ e M= 1)y o= At 4
0 0
o
:/ e Hdr
0
A
= — = 6
7

The equation checks out.

For k = 1, Equation (8.1) gives

_ 1 _ ) _ _MES)
=13 =W+ ES D= T AED)

_ _ES)

=X+ E©)

One can think of the process as an alteracting
renewal process. Since arrivals are Poisson, the time
until the next arrival is still exponential with
parameter \.

end of end of
service arrival service
i O 0 0 o
—_—" A S — states
A S

The basic result of alternating renewal processes is
that the limiting probabilities are given by

48.

49.

50.

P{being in “state S”} = % and
3 b ‘" 77 — E(A)
P{being in “state A"} = EA) + EQ)

These are exactly the Erlang probabilities given
above since E[A]=1/A. Note this uses Poisson
arrivals in an essential way, viz., to know the distri-
bution of time until the next arrival after a service
is still exponential with parameter .

The easiest way to check that the P; are correct is
simply to check that they satisfy the balance equa-
tions:

Apo = pp1
(A + wp1=Apo + 2up2
(A + 2p)p2 = Ap1 + 3pups

A+ ippi=Api—1 + (( + Dppiy1, 0<i<k
A+ kw)pn = Apu—1 + kppuy1, n>k
or

1
1=—Po
=y
A2
p2 ﬂPO
i
pi %po, 0<i<k
i!
/\k+n

- p, n>1
Pk+n uk+nk!k” 0

In this form it is easy to check that the p; of
Equation (8.2) solves the balance equations.

(AE[S])?
Py=——3L
AE[S
2( [STY

8

A=2,E[S]=1

o !

—.

38

(i) P{arrival finds all servers busy}
ATE
wl kp—\

S o

1! wl o kp—A

i=0
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(i) W=Wgqg+1/u where Wg is as given by
Equation (7.3), L= AW.

51. Note that when all servers are busy, the depar-
tures are exponential with rate ky. Now see
Problem 26.

52.

53.

S, is the service time of the n'" customer. T}, is the
time between the arrival of the '™ and (n + 1)*
customer.

1/pr < k/pg, where pp and pg are the respective
means of F and G.



Chapter 9

4.

Ifx; =0, ¢(x) = ¢(0;, x).

If xi=1, (b(.'X') = ¢(1i/ x)'

(@) If min; x;=1, then x=(1,1,...,1) and so
Pp(x)=1.

If max; x;=0, then x=(0,0,...,0) and so
P(x)=0.

max(x, y) > x = g(max(x,)) > 6(x)
max(x,y) > y = ¢(max(x,y)) = ¢(y)

. ¢(max(x, y)) > max(¢(x), ¢(y))-

(b)

(c) Similar to (b).
(@) If ¢is series, then ¢(x) = min;x; and so ¢P (x) =

1 — min; (1 — x;) = maxx;, and vice versa.
(b) ¢PP(x)=1-¢"(1 )

=1-[1-¢(1—-Q1-x))]
= ¢(x)

(c) Ann—k+1ofn.
(d) Say {1,2,...,r}is a minimal path set. Then

¢(1,1,...,1,0,0,...00 = 1, and so

——
r
4P, 0,...,0,1,1,...,1) =1 — ¢(1,1,...,
——
r

1,0,0,...,0) =0, implying that {1,2,...,r} is a

cut set. We can easily show it to be minimal.

For instance,

#P(,0,...,0,1,1,...,1)

——
r—1
=1-9¢@1,1,...,,1,0,0,...,0) =1,
——
r—1
since ¢(1,1,...,1,0,0,...,0) = 0 since
——
r—1

{1,2,...,r — 1} is not a path set.

(@) ¢(x) = xy max(xz, X3, X4)Xs5

(b) #(x) = x1 max(x2x4, X3X5)X6

(@) ¢(x) = max(xy, X2x3)x4

96

5.

10.

11.

(a) Minimal path sets are

{1,8},{1,7,9}, {1,3,4,7,8}, {1,3,4,9},
{1,3,5,6,9}, {1,3,5,6,7,8}, {2,5,6,9},
{2,5,6,7,8}, {2,4,9}, {2,4,7,8},
{2,3,7,9%, {2,3,8}.

Minimal cut sets are

{1,2}, {2,3,7,8}, {1,3,4,5}, {1,3,4,6},
{1,3,7,9}, {4,5,7,8}, {4,6,7,8}, {8,9}.

A minimal cut set has to contain at least one
component of each minimal path set. There are
6 minimal cut sets:

{1,5}, {1,6}, {2,5}, {2,3,6}, {3,4,6}, {4,5}.

{1,4,5}, {3}, {2,5}.

The minimal path sets are {1,3,5}, {1,3,6},
{2,4,5}, {2,4,6}. The minimal cut sets are
{1,2}, {3,4}, {5,6}, {1,4}, {2,3}.

(@) A component is irrelevant if its functioning or
not functioning can never make a difference as
to whether or not the system functions.

(b)
(0

Use the representation (2.1.1).
Use the representation (2.1.2).

The system fails the first time at least one com-
ponent of each minimal path set is down—thus
the left side of the identity. The right side follows
by noting that the system fails the first time all of
the components of at least one minimal cut set are
failed.

r(p) = P{either x1x3 = 1 or xpx4 = 1}
P{either of 5 or 6 work}

= (p1p3 + p2p4 — P1P3pP2P4)
(ps + pe — psps)
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The minimal path sets are
{14}, {1,5}, {2,4}, {2,5}, {3,4}, {3,5}.
With g; =1 — P;, the structure function is
r(p) = P{either of 1, 2, or 3 works}
P{either of 4 or 5 works}

= (1 —919293)(1 — 9445)

Taking expectations of the identity
P(X) = Xip(1;, X) + (1 = Xi)¢(0;, X)

noting the independence of X; and ¢(1;, X) and of
$(0;, X).

r(p) = psP{max(X1, Xp) = 1 = max(Xy, Xs5)}
+ (1 — p3)P{max(X1 Xy, Xp X5) = 1}
=p3(p1 + p2 — p1p2)(P4 + pP5 — paps)

+ (1 = p3)(p1pa + p2ps — P1pap2ps)

@ f<rll) 1[5 - 4

The exact value is r(1/2) =7/32, which
agrees with the minimal cut lower bound since
the minimal cut sets {1}, {5}, {2,3,4} do not
overlap.

E[N?] = E[N?|N > 0]P{N > 0}
> (E[N|N > 0])>P{N > 0}
since E[X?] > (E[X])%.
Thus,
E[N?]P{N > 0} > (E[N|N > 0]P{N > 0})?
= (EIN]?

Let N denote the number of minimal path sets
having all of its components functioning. Then
r(p) = P{N > 0}.

Similarly, if we define N as the number of minimal
cut sets having all of its components failed, then
1—r(p) = P{N > 0}.

In both cases we can compute expressions for E[N]
and E[N?] by writing N as the sum of indicator (i.e.,
Bernoulli) random variables. Then we can use the
inequality to derive bounds on r(p).

18.

19.

20.

21.

22.

(@) {3}r {114}/ {LS}r {2r4}/ {2/5}'

(b) P {system life > %} =r [%, %, s %}

Now r(p) = p1p2p3 + papaPs — P1P2P3P4pPs

and so
P{systemlife< %}:1— +3l2

ool

1
8
2

2

6]

X is the system life of an n —i + 1 of n system
eachhaving the life distribution F. Hence, the result
follows from Example 5e.

The densities are related as follows.

g(t) = alFOI ()

Therefore,

Ac(t) =alF®)1"~f 1)/ [F®)I°
=af(t)/F(t)
=a Ap(t)

(@) (i), (ii), (iv) — (iv) because it is two-of-three.

(b) (i) because it is series, (ii) because it can be
thought of as being a series arrangement of 1
and the parallel system of 2 and 3, which as
Fy =F3isIFR.

(c) (i) because it is series.

@) F@)=P{X>t+a|X>t

_P{X>t+a} F(t+a
T P{X>t} T F@®

(b) Suppose A(t) is increasing. Recall that

E(t) = e Jo Ao)ds

Hence,

F(%T':)“) — ¢~ Jo "9 which decreases in t

since A(t) is increasing. To go the other way,
suppose F(t + a)/F(t) decreases in t. Now for
a small

F(t + a)/F(t) = e~

Y0)

Hence, e™ must decrease in t and thus A(t)

increases.
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(@) Ft)= [[1 Fit)

FE@ T Fit
Ap(t) = Aem =7
E(t) 26.
[1F:®
i=1
Y Fi(t)
_ /=l
~ F®)
=2 N
j=1
(b) Fi(a) = P{additional life of t-year-old > a}
[IFt+a
=" FH

where F; is the life distribution for component
i. The point being that as the system is series,
it follows that knowing that it is alive at time ¢
is equivalent to knowing that all components
are alive at t.

It is easy to show that A(t) increasing implies that
fot A(s) ds/t also increases. For instance, if we differ-
entiate, we get tA(t) — fot \(s) ds/t?, which is non-
negative since fot As) ds < fot M) dt = tA(). A
counterexample is

27.

A(t)

28.

Forx > ¢,

1—-p=1-F¢)=1-F@x(¢/x)) > [1-F@)~
since IFRA.

Hence,

1—F(x) < (1 —pp/t =et

Forx <¢,

1-F(x) =1-F((x/9) > [1 - FE)/¢

since IFRA.
Hence,

1—F(x) > (1—p)/¢ = et

Either use the hint in the text or the following,
which does not assume a knowledge of concave
functions.

To show: h(y) = A“x® 4+ (1 — A“)y®
— (O + (1= Ay)* >0,
0<y<x,
where 0 < A<1,0<a<l.

Note: h(0) = 0, assumey > 0,and letg(y) = h(y)/y*

Ax ] Ax @
S e I VR I Y
sw=|y] +1-w- [

Letz =x/y. Now g(y) >0V0 <y<x < f(z) >
Ovz>1

where f(z) = (A2)* +1 - —(Az 4+ 1- )~

Now f(1) = 0 and we prove the result by showing
that f ' (z) > 0 whenever z > 1. This follows since

@) =ar02)* ! —ad(Oz +1— N1

f@)>0e02)* 1>z +1-1"1
sM)T < z+1- N
Sz<dz+1-)\

S A<1

If p > po, then p = pp® for some a € (0,1). Hence,

(p) = r(po®) = [r(po)l™ = po™ =p
If p < po, then pg = p“ for some a € (0,1). Hence,

p® =po = r(po) = r(p®) = [r(p)]*
@ F=a-p[27t], o<t<1
E[lifetime] = % /0 1(1 —HR—t)dt = %
{1 —12/2,
1-1/2,
E[lifetime] = % /0 1(z — ) dt+ % /1 2(2 — 1) dt

_13
12

_ 0<t<1
(b) F(t) =
1<t<2



29.

30.

31.

32.
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Let X denote the time until the first failure and let
Y denote the time between the first and second fail-
ure. Hence, the desired result is

1
p1 + p2

EX +EY = +EY

Now,

E[Y] = E[Y|p component fails first]ﬁ

e L
+ E[Y|uy component fails first] T

—1_m 1
M2 p1 +p2 o1 py o

r(p) = p1p2p3 + p1papa + p1papa + p2pspa
—3p1p2p3pa

r(1 —F(t))
21— t)2(1 —t/2) + 2(1 — t)(1 — t/2)?
= =31 -t)>1—-1t/2)%, 0<t<1
0, 1<t<2

E[lifetime] = / l [2(1 (1 - t/2)
0
+ 2(1 —t)(1 —t/2)?
—3(1 - H2(1 - t/z)ﬂ dt

=31
— 60

Use the remark following Equation (6.3).

Let I; equal 1if X; > ¢® and letitbe 0
otherwise. Then,

n

E li 1;| = Z E[Ii] = iP{Xi > Coo}
i=1 i=1 i=1

33. Theexact value can be obtained by conditioning on

the ordering of the random variables. Let M denote
the maximum, then with A;; ; being the even that
Xi < Xj < Xk, we have that

E[M] = Y E[M|A; ; c]P(A; j k)

where the preceding sum is over all 6 possible per-
mutations of 1,2, 3. This can now be evaluated by
using

oy A A
P = AT RN+ &
R 1 1 1
E[M|Al']'k] T AT A T+ M + Aj + Ak + A

35. (a) It follows when i=1 since 0=(1—-1)"

=1—[] + [4]--- £[}]. So assume it true for
i and consider i + 1. We must show that

n—1 n n n

{ i } - [i+1] - L‘+2} tok ]
which, using the induction hypothesis, is
equivalent to

n—1 n n—1
{ i }: M_ L‘l}
which is easily seen to be true.

(b) Itis clearly true when i = 1, so assume it for 7.
We must show that

n—1 n n—1 n
L’—Z} - [i—l] - L’-J ook M
which, using the induction hypothesis,
reduces to

=1

which is true.



Chapter 10

1. X(s) + X(t) = 2X(s) + X(t) — X(s).

Now 2X(s) is normal with mean 0 and variance 4s
and X(¢) — X(s) is normal with mean 0 and variance
t —s. As X(s) and X(t) — X(s) are independent, it
follows that X(s) + X(t) is normal with mean 0 and
variance 4s + t —s = 3s + t.

. The conditional distribution X(s) — A given that
X(t1)=A and X(t;) =B is the same as the condi-
tional distribution of X(s —#1) given that X(0)=0
and X(t, — t1)=B — A, which by Equation (10.4)

—t
tl (B — A) and variance

. . S
is normal with mean ;

—t
(ts tl ) (to — s). Hence the desired conditional dis-
211
—H)B—-A
tribution is normal with mean A + %
211

and variance W
th —t

- E[X(t1)X(t2)X(t3)]
= E[E[X(t1)X(t2)X(t3) | X(t1), X(t2)]]
= E[X(t1)X () E[X(t3) | X(t1), X(t2)]]

= E[X(t1)X(t2)X(t2)]

= E[E[X(t)E[X3(t2) | X(t1)]]

= E[X(t1)E[X2(t2) | X(t1)]] (%)

= E[X(t){(t2 — 1) + X*(t1)}]

= E[X?(t)] + (t2 — 1)E[X(t1)]

=0
where the equality () follows since given X(t;),
X(tp) is normal with mean X(t;) and variance
ty — 1. Also, E[X3()] = 0 since X(t) is normal with
mean 0.

4. (@) P{T, < o} = tllglo P{T, <t}

2 o0 2
= “V'/23y by (10.6
\/27/0 ‘ y by (108)
=2P{N(0,1) >0} =1

100

Part (b) can be proven by using

EIT,] = /0 TP, > e

in conjunction with Equation (10.7).

. P{Ty < T—1 < T} = P{hit 1 before — 1 before 2}

= P{hit 1 before —1}

x P{hit —1 before 2 | hit 1 before —1}

1
= EP{down 2 before up 1}
11 1

236
The next to last equality follows by looking at the
Brownian motion when it first hits 1.

. The probability of recovering your purchase price

is the probability that a Brownian motion goes up
c by time t. Hence the desired probability is

2 o0 2
v /24
V2wt c/\ﬂe Y

1-P X > =1-
{52% (s) = c}

. LetM = {maxy, <s<¢, X(s) > x}. Condition on X(t;)

to obtain
> 1 —y? /2t
P = [ PMIX() =)= ey
o Tt
Now, use that
PM|X(h)=y)=1, y=«x

and, fory < x

P(M|X(t1) = y) = P{ max X(s) >x—y}

0<s<tr—
= 2P{X(t, - fl) >x =y}

. (a) Let X(t) denote the position at time ¢. Then

[t/Af]

VAL Y X
i=1

X(t) =



(b)

Answers and Solutions

+1, if i" step is u
X, = P p
1, if

 step is down

As
EX1]=p-11-p)
=2p-1
= uVAt
and

Var(X) = E [ X?] — (E[Xi])?
=1—p?At since X? =1

we obtain
E[X(H)] = VAt [Aﬂ VAt
— utas At — 0
Var(X(#)) = At { } (1 — 2Ab)
— tas At — 0.

By the gambler’s ruin problem the probability
of going up A before going down B is

1—(q/p)®
1-(q/p)A+B

when each step is either up 1 or down 1
with probabilities p and g =1 —p. (This is
the probability that a gambler starting with
B will reach his goal of A + B before going

broke.) Now, when p = %(1 + um),q =

1
1—p=f(1—u\/ﬁ) and so gq/p =
1—pvA

Hence, in this case the probabili
TTavar p ty

of going up A/V/At before going down B/ VAt
(we divide by VAt since each step is now of
this size) is

1—p \/7

) 14+p VAL

*
|y VA (A+B//At)
14+p VAL

101

Now

Nak
1+p VAL

1—p
1+pu

hl—r>r(lJ[l+,uh

1- 7"
. n
= Jim, 4
n

_ 1/h
im 1—ph ]
At—0

byn=1/h
o Q — efz:u‘
er

where the last equality follows from
lim [1+2]" =&
n—00 n
Hence the limiting value of (x) as At — 0 is
1— e 2uB
[p=mrEs)

11. Let X(t) denote the value of the process at time
t = nh. Let X; = 1 if the i’ change results in the
state value becoming larger, and let X; = 0 other-

wise. Then, with u = e"‘/ﬁ, d= e“"/ﬁ
X () = X(0)uict Xign—Xiza Xi

_ n E 2?:1 Xi

o (%)
Therefore,

X(O) <
log | —= | =nlog(d) + Y X;log(u/d
t/h
—70\[ h+20vVhY X

i=1

By the central limit theorem, the preceding
becomes a normal random variableas — 0. More-
over, because the X; are independent, it is easy to
see that the process has independent increments.
Also,

E[bg(iié’iiﬂ
wg I+ 20 \/E"(1+“\f)
:Iut

and
vr g (55)| =+

where the preceding used thatp — 1/2 as h — 0.

o2 _
hhp(l p)

— o2t
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If we purchase x units of the stock and y of the
option then the value of our holdings at time 1 is

150x + 25y
value =
25x

if price is 150
if price is 25
So if

150x + 25y = 25x, ory = —b5x

then the value of our holdings is 25x no matter what
the price is at time 1. Since the cost of purchasing
x units of the stock and —5x units of options is
50x — 5xc it follows that our profit from such a
purchase is

25x — 50x + 5xc = x(5¢ — 25)

(a) If ¢ = 5 then there is no sure win.

(b) Selling |x| units of the stock and buying —5|x|
units of options will realize a profit of 5/x| no
matter what the price of the stock is at time 1.
(That is, buy x units of the stock and —5x units
of the options for x < 0.)

(c) Buying x units of the stock and —5x units of
options will realize a positive profit of 25x
when x > 0.

(d) Any probability vector (p,1 — p) on (150, 25),
the possible prices at time 1, under which buy-
ing the stock is a fair bet satisfies the following:

50 = p(150) + (1 — p)(25)

or

p=1/5

Thatis, (1/5,4/5) is the only probability vector
that makes buying the stock a fair bet. Thus,
in order for there to be no arbitrage possibility,
the price of an option must be a fair bet under
this probability vector. This means that the
cost c must satisfy

c=251/5)=5

If the outcome is i then our total winnings are
oi(1+0)~' = (1 +0)7"

vor S = 7
Y1 -
]'751' J 1-— kE (1 + Ok)_l

A+l +0) =Y A+0)~!
j

1—2(1 +Ok)71
k
=1

14.

15.

Purchasing the stock will be a fair bet under
probabilities (p1, p2, 1 —p1 — p2) on (50, 100, 200),
the set of possible prices at time 1, if

100 = 50p; + 100py + 200(1 — p1 — p2)
or equivalently, if
3p1+2p2 =2

(@) The option bet is also fair if the probabilities
also satisfy

c = 80(1 — P —pz)

Solving this and the equation 3p; + 2p; = 2
for p; and p, gives the solution

p1 = c/40, p2 = (80 — 3¢)/80

1—p1—p2=1¢/80

Hence, no arbitrage is possible as long as these
p; all lie between 0 and 1. However, this will
be the case if and only if

80 > 3¢
(b) In this case, the option bet is also fair if
¢ =20py + 1201 — p1 — p2)
Solving in conjunction with the equation

3p1 + 2p2 = 2 gives the solution
p1 = (c—20)/30, pa = (40 - ¢)/20

1—p1—p2=(c—20)/60
These will all be between 0 and 1 if and only if
20 < ¢ < 40.

The parameters of this problem are

o=.05, x, =100, t=10.

=1,

(a) If K =100 then from Equation (4.4)
b=[.5—5—log(100/100)]/v/10
=-45y10 = —1.423

and

¢ =100¢(v/10 — 1.423) — 100e > p(—1.423)
=1004(1.739) — 100e~5[1 — $(1.423)]
=91.2

The other parts follow similarly.
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Answers and Solutions

Taking expectations of the defining equation of a
Martingale yields

E[Y(s)] = E[E[Y(t)/Y(u), 0 <u < s]] = E[Y(})]
Thatis, E[Y(f)] is constant and so is equal to E[Y(0)].

E[B()[B(u), 0 < u < s]
= E[B(s) + B(t) — B(s)[B(u), 0 < u < 5]
= E[B(s)|B(u), 0 < u < s]
+ E[B(f) — B(s)[B(1),0 < u < s]
= B(s) + E[B(f) — B(s)] by independent
increments

= B(s)

E[B*(t)|B(u), 0 < u < s] = E[B(t)|B(s)]

where the above follows by using independent
increments as was done in Problem 17. Since the
conditional distribution of B(t) given B(s) is normal
with mean B(s) and variance t — s it follows that

E[B?(t)|B(s)] = B*(s) + t —s
Hence,
E[B%(t) — t|B(u), 0 < u < s] = B*(s) —s

Therefore, the conditional expected value of
B(t) — t, given all the values of B(u), 0 < u <'s,
depends only on the value of B*(s). From this it
intuitively follows that the conditional expectation
given the squares of the values up to time s is also
B?(s) — s. A formal argument is obtained by condi-
tioning on the values B(u), 0 < u < sand using the
above. This gives

E[B*(t) — t[B*(u), 0 < u <]
= E [E[BA(t) — t|B(w), 0 < u < s][B(w),
0<uc<s]
= E[B*(s) — s|B*(u), 0 < u <s]
=B%(s)—s

which proves that {B>(t) —t, t > 0} is a Martingale.
By letting t = 0, we see that

E[B%(t) — t] = E[B%(0)] = 0

19.

20.

21.

22.

103
Since knowing the value of Y(t) is equivalent to
knowing B(t) we have

E[Y#)|Y(u), 0 <u <s]
= e_czt/zE[eCB(t)|B(u), 0<uc<s]

— efczt/ZE[ecB(t) |B(S)]

Now, given B(s), the conditional distribution of
B(t) is normal with mean B(s) and variance t — s.
Using the formula for the moment generating func-
tion of a normal random variable we see that

efczt/ZE[ecB(t) ‘B(S)]
— e—czt/2ecB(s)+(t—s)c2/2
— efczs/ZecB(s)

=Y(s)
Thus, {Y(f)} is a Martingale.
E[y(] =E[Y(O)]=1

By the Martingale stopping theorem
E[B(T)] = E[B(0)] = 0

However, B(T) = 2 — 4T and so
2—-4E[T]=0

or, E[T]=1/2

By the Martingale stopping theorem
E[B(T)] = E[B(0)] = 0

But, B(T) = (x — uT)/o and so

E[(x — uT)/o] = 0

or

E[T]=x/p

(a) It follows from the results of Problem 19 and
the Martingale stopping theorem that

E[exp{cB(T) — ¢*T/2}]
= E[exp{cB(0)}] =1

Since B(T) = [X(T) — pT]/o part (a) follows.

(b) This follows from part (a) since

—2u[X(T) — uT1/0* — (211/0)*T /2

= —2uX(T)/o?
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(c) Since T is the first time the process hits A or

—B it follows that
X(T) = A, with probability p
~ 1 -B, with probability 1—p

Hence, we see that
1= E[e_ZNX(T)/Uz] _ pe—ZuA/a2 + @1 _p)eZ/LB/O'Z
and so

1_ e2,uB/02
p= e—20A/c? _ p2uB/o?

By the Martingale stopping theorem we have
E[B(T)] = E[B(0)] =0

Since B(T) = [X(T) — pT]/o this gives the equality
E[X(T)—pT]=0

or

E[X(T)] = puE[T]

Now

E[X(T)] = pA— (1 - p)B

where, from part (c) of Problem 22,

1_ eZ,uB/a2
P= e—20A/c? _ p2uB/o?

Hence,

Al — eZuB/az) _ B(e—2uA/02 ~1)

E[T] = ’u(efluA/oz — e2uB/02)

It follows from the Martingale stopping theorem
and the result of Problem 18 that

E[BX(T)-T]=0

where T is the stopping time given in this problem
and B(t) = [X(t) — ut]/o. Therefore,

E[(X(T) — pT)*/0® = T] =0
However, X(T) = x and so the above gives that
El(x — uT)*] = 0?EI[T]

But, from Problem 21, E[T] = x/u and so the above
is equivalent to

Var(uT) = ox/p
or

Var(T) = o2x /i

25. The means equal 0.

1 1 1

— 29p — =

Var [/0 th(t)] _/0 todt = 3
1 1 1

2 _ 470 _
Var[/ot‘dX(t)]_/otali,‘_5

26. (a) Normal with mean and variance given by
E[Y(H)] =tE[X(1/H] =0
Var(Y(t)) = 2Var[X(1/t)] = 2/t =t
(b) Coov(Y(s), Y(t)) = Cov(sX(1/s),tX(1/1))

= st Cov(X(1/s), X(1/t))

1
=st?, whens < t

=35, whens<t

(c) Clearly {Y(t)} is Gaussian. As it has the same
mean and covariance function as the Brown-
ian motion process (which is also Gaussian) it
follows that it is also Brownian motion.

27. E[X(a%t)/a] = %E[X(a%)] =0
Fors < ¢,
Cov(Y(s),Y(t)) = alz Cov(X(a?s), X (at))

1
=—2a25=s
a

As {Y(t)} is clearly Gaussian, the result follows.
28. Cov(B(s) — 1B(H), B(t)) = Cov(B(s), B(1)
—;COZ)(B(t), B(#))
=s—-t=0

29. {Y(#)} is Gaussian with
E[lYWO]=@¢+ DEZ[t/¢t+ 1] =0

and fors < 't
Couv(Y(s), Y(1))
S t
=(s+ 1)+ 1) Cov {Z L-FJ , Z[H_lH
s t
06 (1 | @

=3
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where (x) follows since Cov(Z(s), Z(t)) = s(1 — t).
Hence, {Y(t)} is Brownian motion since it is also
Gaussian and has the same mean and covariance
function (which uniquely determines the distribu-
tion of a Gaussian process).

Fors <1

Cov[X(t), X(t + 5)]

= Cov[N(t + 1) = N(t),N(t + 5 + 1) — N(t + s)]
= Coo(N(t + 1),N(t + s + 1) = N(t + 5))
—Coo(N(#),N(t 4+ s + 1) = N(t +5))

=Coo(N(t+ 1),N(t +s5+ 1) —N(t+5) (%)

where the equality (x) follows since N(t) is inde-
pendent of N(t 4+ s + 1) — N(t + s). Now, fors < ¢,

Cov(N(s), N(£)) = Cov(N(s), N(s) + N(t) — N(s))
= Cov(N(s), N(s))
=Xs
Hence, from () we obtain that, when s < 1,
Cov(X(t), X(t + s)) = Cov(N(t + 1),N(t + s + 1))
—Cou(N(t + 1), N(t + 9))
=At+1) = At +5)
=A(1-5)

Whens > 1,N(t + 1) = N(t) and N(t + s + 1) —
N(t + s) are, by the independent increments prop-
erty, independent and so their covariance is 0.

(a) Starting at any time t the continuation of the
Poisson process remains a Poisson process
with rate .

(b) E[Y(H)Y(t + s)]

=/memewHY@=mm4My
0

= [T yE G+ 9 1 Y0 = yhe My
0
+ /oo yly — s)/\e_’\ydy

S 1 o0
= / y~e Ndy + / y(y —s)he Ny
0 A s
where the above used that
E[Y®)Y(t +9)|Y(t) = y]
- ﬁwa+m=%,iw<s
yly —s), ify>s

Hence,
Cov(Y (1), Y(t + s))

s o () Y 1
:/0 ye Y dy—i—/s y(y —s)Xe ydy—p

32. (a) Var(X(t +s) — X(t))

= Couo(X(t + 5) — X(t), X(t + ) — X(t))
= R(0) = R(s) = R(s) + R(0)
= 2R(0) — 2R(s)

(b) Cou(Y(t), Y(t + s))
= Cov(X(t + 1) — X(t), X(t + 5 + 1)

—X(t + )

= Ry(s) = Ri(s —=1) = Ru(s + 1) + Ru(s)

=2Rx(s) —Re(s —1) —Rx(s +1), s>1

33. Cou(X(t), X(t + s))
= Coou(Y1 coswt + Y, sin wt,
Y7 cosw(t + s) + Yo sinw(t + s))
= cos wt cos w(t + s) + sinwt sinw(t + s)
= cos(w(t + s) — wt)

= COS ws



Chapter 11

i—1 i
1. (a) Letubearandom number.If z Pi<u< Z P;
=1 i=1

] =
then simulate from F;.

i—1
(In the above 2 P]- =0wheni= 1.)
j=1

(b) Note that

F@) = 3F1(X) + 2F2()

where
Filx)=1-¢"%, 0<x<oo
x, O<x<l1
Fo(x) =
1, 1<x

Hence, using (a), let U, Uy, U3 be random
numbers and set

—log Uy
X = 2 7

Us,

if U; <1/3
if U; >1/3

—log U,
The above uses the fact that —
nential with rate 2.

is expo-

2. Simulate the appropriate number of geometrics

and sum them.

. If arandom sample of size 1 is chosen from a set of
N + M items of which N are acceptable then X, the
number of acceptable items in the sample, is such
that

o= =[] L /1]

To simulate X note that if

I L
] 0’

then

if the j" section is acceptable

otherwise

106

j—1
N-Y1
P{L;=1L,...[ 4} = — 1
{] |lf r]l} N+M—(]—1)
can simulate Iy, ..., I, by generating random num-
bers U, ..., U, and then setting

Hence, we

j—1
N-Y1
I‘ = . 1
1, if U
R I A Vv

0, otherwise

n
X = Z I has the desired distribution.
j=1

Another way is to let

r’
X; =
0,

and then simulate X7, ..., Xy by generating random
numbers Uy, ..., Uy and then setting

j—1
N-Y 1,
i=1
N+M-(G-1)

0, otherwise

the j acceptable item is in the sample

otherwise

Xj=1{1 ifU <

N
X = z Xj then has the desired distribution.
j=1

The former method is preferable when n < N and
the latter when N < n.

R __x ~OR__y
ox e o ey
00 _ 1 'y}_ Y
ax_1+[q2_% Sy

X

% '17}_x
Wy [gr Lx] X +y?
X
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Hence, the Jacobian of the transformation is

X ¥
[- V22 2y 1
Y * NE
2r2 212 Xty

The joint density of R, 6 is thus

froG0) =5fxy [m tan 1y /x}

S
mr2
1 2s

=52 0<f0<2m, O<s<r

Hence, R and 6 are independent with

2
fr(s) = —j, O<s<r
r

1
= — 2
fo(6) o 0<0<2m

2

As Fr(s) = = and so F; {(U) = V22U = /U, it
r

follows that we can generate R, § by letting U; and

U, be random numbers and then setting R = r+/Uj
and 0 = 2rU,.

(b) Itis clear that the accepted point is uniformly
distributed in the desired circle. Since

Area of circle o

P{Z2 75 < 2}:—27:f

1t =7 Area of square 442 4
it follows that the number of iterations needed
(or equivalently that one-half the number of
random numbers needed) is geometric with
mean /4.

Use the rejection method with g(x) = 1. Differen-
tiating f(x)/g(x) and equating to 0 gives the two
roots 1/2 and 1. As f(.5) = 30/16 > f(1) = 0, we
see that ¢ = 30/16, and so the algorithm is

Step 1: Generate random numbers U; and Uy.

Step 2: If U, < 16(U? —2U3 + Uf), setX = U;.
Otherwise return to step 1.

—Ax n—1
(a) With f(x) = w

(n—1)!
—)\x/n
and g(x) = Ae
fx)/g(x) = n(Ax)n_le*Ax(lfl/n)

(n—=1)!

Differentiating this ratio and equating to 0
yields the equation

(n—1)x"2 =x""\1—1/n)

or x=mn/A. Therefore,
n,—mn—1)
¢ = max[f(x)/g(x)] = ”(:ﬁ

(b) By Stirling’s approximation
(n—1)! ~ (n— 1) 12e=(1=D(27)1/2

and so
n”e_("_l)/(n -1
~ @02 [y - 1)V
_ [(n—1)/27]'/2
- (1-1/n)"
~ e[(n —1)/27]"/?

since (1 —1/n)" ~ e~ L.

(c) Since
F(x)/cg(x) = e~ MA=1/m(\x) i
the procedure is

Step 1: Generate Y, an exponential with rate
A/n and a random number U.

Step 2: If U < f(Y)/cg(Y), set X = Y. Other-
wise return to step 1.

The inequality in step 2 is equivalent, upon
taking logs, to
logU <n—1-AY(1—-1/n)
+ (n—1)log(\Y) — (n —1)logn
or
—logU>m—-1)\Y/n+1-n
—(n—1)log(\Y /n)
Now, Y1 = —log U is exponential with rate 1,
and Y, = A\Y/n is also exponential with rate 1.

Hence, the algorithm can be written as given
in part (c).

(d) Upon acceptance, the amount by which Y;
exceeds (n — 1){Y, —log(Y>) — 1} is exponen-
tial with rate 1.

10. Whenever i is the chosen value that satisfies

Lemma 11.1 name the resultant Q as Q(i).
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12. Let
1, ifX; =jfor somei
I =
]
0, otherwise
then
n
D= 1I
j=1
and so
n—11%
E[D]:Z:l"E[Ij]zz 1—[ ]
j j=1 "
k
. [1 - {n - 1} ]
n
~n [1—1 + k— k(k—21)}
n 2n

13. P{X =i} =P{Y =i|U < Py/CQy}
_ P{Y =1i,U < Py/CQy}
- K

_ QiP{U < Py/CQy|Y =i}
K

_ QiP;/CQ;
o K

_ b

T CK

where K = P{U < Py/CQy}. Since the above is a
probability mass function it follows that KC = 1.

14. (a) By induction we show that
(P{X >k} = (1= AD)--- (1= AK)

The above is obvious for k = 1 and so assume
it true. Now

P{X>k+1}
=P{X >k + 1|X > k}P{X > k}
= (1 - Ak + 1))P{X > k}

which proves (¥). Now

P{X =n}
=P{X=nX>n-1}P{X>n-1}
= Am)P{X >n—1}

and the result follows from (*).

(b)

()

P{X =n}
=P{U; > X1),U > X(2),..., U1
> ANn—1),U, < \n)}
=1 -21)A-AQ2)---
(1 =A@ —1)An)
Since A\(n) = p it sets
X =min{n: U < p}

Thatis, if each trial is a success with probability
p then it stops at the first success.

(d) Given that X > n, then

P{X=nX>n}= P)\;n) = A(n)

15. Use2u =X.

16. (b) LetI; denote the index of the jth smallest X;.

17. (a)

(b)

(©

Generate the X(;) sequentially using that given
Xay, -+, X(i—1) the conditional distribution of
X(;) will have failure rate function \;(t) given

by
0, t < X(i—)
)\,‘(t) = /X(O) =0.
(1’1 —1 + 1)/\(1’), t> X(i—l)

This follows since as F is an increasing function
the density of U; is

fo®) = g=riiGr=—p EO'
x (F(H)"~'f (1)

i R DA

O<t<1

which shows that Uy, is beta.

Interpret Y; as the i interarrival time of a Pois-
son process. Now given Y1 + -+ + Y, 41 =
t, the time of the (n + 1)* event, it fol-
lows that the first n event times are distri-
buted as the ordered values of n uniform (0, t)
random variables. Hence,

Yi+---4Y;
Y1+ + Yo

will have the same distribution as Uy, ...,
Upy-

i=1,...,n
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(d) fU(1), .‘.‘U(m (ylr ~--ryn71|yn)

_ f(yy <o Yn)
fU(,,)(yTl)

n!
= nynfl
_ (m=1)!

yn1’0<y< c<Yn-1<Y

where the above used that

Fy,,(y) = P{max U; <y} = y"
and so
Fu(n) (]/) = nynil

(e) Follows from (d) and the fact that if
F(y) = y" then F~1(U) = u/n,

Consider a set of n machines each of which inde-
pendently functions for an exponential time with
rate 1. Then Wy, the time of the first failure, is expo-
nential with rate n. Also given W;_1, the time of the
th failure, the additional time until the next failure
is exponential with rate n — (i — 1).

Since the interarrival distribution is geometric, it
follows that independent of when renewals prior
tok occurred there will be arenewal at k with proba-
bility p. Hence, by symmetry, all subsets of k points
are equally likely to be chosen.

Puad{in, ..., ig_1,m+ 1}

k 1
= P i, ..., 051, —
g,n m{i1 k-1 p—
i1 i1
1 1 1
:(m_(k_l)){m}m+1 m+ 1
k k

See Problem 4.

First suppose n = 2.
Var(A\X1 + (1 — N)Xa) = X20? + (1 — M\)203.

The derivative of the above is 2Aa? — 2(1 — A\)o3 and
equating to 0 yields
7 1/of

o3 + 03 B 1/0% +1/03

Now suppose the result is true for n — 1. Then

n
> AiX;

i=1

n—1

Y X

i=1

Var = Var + Var(MXy)

n—1

z 1 ,)\i)\n Xi

i=1

=(1—\y)? Var

+ A2 Var X,

Now by the inductive hypothesis for fixed A, the

above is minimized when
A 1 /o.2
1—M\y

_nl
21/0

Hence, we now need choose )\, so as to minimize

)

1
(1 — An)zﬁ + )\% 0'2

> 1/}
j=1

Calculus yields that this occurs when

My = 1 _ 1/02

n—1 n
1402 Y 1/0? 211/"1'2
= j=

Substitution into (*) now gives the result.

28. (a) E[]=P{Y < g(X)}

1
:/ P{Y < g(X)|X = x}dx
0
since X = Uy

1
_ [8k)
_/0 de

since Y'is uniform (0, b).
(b) Var(bl) = b*Var(l)

= b?(E[I] — E?[I]) since I is Bernoulli

1 1 2
= b/o g(x)dx — {/0 g(x)dx}

On the other hand
Var g(U) = E[g*(U)] — E*[g(U)]

| ]

= /0 g (x)dx /0 g(x)dx
1 1 2

g/o bg(x)dx — [/0 g(x)dx]

109
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29.

30.

31.

32.

33.
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sinceg(x) < b
= Var(bl)

Use Hint.

In the following, the quantities C; do not depend
on x.

fr(x) = Cletxe*(x*,u)z/(Za)
= C2 eXP{_(xz _ (ZM + 2t0.2)x)/(20_)}

= Czexp{—(x — (u + to?))?/(20)}

Since E[W,|D,]=D, + pu, it follows that to
estimate E[W,] we should use D, + pu. Since
E[D,,|Wy] # Wy — u, the reverse is not true and
so we should use the simulated data to determine
D,, and then use this as an estimate of E[D,,].

Var[(X + Y)/2]

_ %[Var(X) + Var(Y) + 2Coo(X, Y)]

_ Var(X) + Coov(X, Y)
N 2

Now it is always true that
Coov(V, W) <1
v/ Var(V)Var(W)
and so when X and Y have the same distribution

Cov(X, Y) < Var(X)

(a) E[X?] < E[aX] = aE[X]

(b) Var(X) = E[X?] - E*[X] < aE[X] — E*[X]

(¢) From (b) we have that

Var(X) < a® (E[;(])

_ EIX] 2 N2
(o-5) gy

34. Use the estimator R + XQE[S]. Let A be the
amount of time the person in service at time
to has already spent in service. If E[R|A] is
easily computed, an even better estimator is
E[R|A] + XQE[S].

k
35. Use the estimator z N; /k2 where N; = number
i=1
Of] S 1,...,k X < Y]

3 3

36. P (H u; > .1) =P (210g(lli) > —1og(10)>
i=1 i=1
3

=P <z —log(U;) < 10g(10)>

i=1
— P(N(log(10)) > 3)

where N(t) is the number of events by time ¢ of a
Poisson process with rate 1. Hence,

3 2
P (H u; > .1) =1- 1% > (log(10))'/i!
i=0

i=1
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