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‘_L Sequential games

/A sequential game Is a game where one\

player chooses his action before the
others choose their.

We say that a game has perfect
Information If all players know all moves

\that have taken place. /




Sequential games




‘_L Combinatorial games

K Two-person sequential game\

 Perfect Information

 The outcome Is either of the
players wins

* The game ends In a finite

\ number of moves /




‘_L Combinatorial games

/Terminal position: A position from which no \
moves Is possible

Impartial game: The set of moves at all positions
are the same for both players

Partizan game: Players may have different
possible moves at a given position

Normal play rule: The last player to move wins
Wisere play rule: The last player to move loses /




‘_L Combinatorial games

e p
We will study impartial games

with normal play rule only.
N Y




‘_L Winning strategy

; N

n a two-person
combinatorial game,
exactly one of the players
has a winning strategy.

% g gy y




‘_L Zermelo’s theorem

In any finite sequential game with
nerfect information, at least one of the
nlayers has a drawing strategy. In
particular if the game cannot end with
a draw, then exactly one of the
players has a winning strategy.




‘_L Negation of quantifiers

/for logic statements

L

4 )
—l\V/XP(X) Na— _X—|P(X)

~

XP(X) < VXﬁP(x)/

\\




‘_L Negation of quantifiers

/More generally h

s )
— X3y, - X Y, P(X, Yooy Xy Vi)

& X VY, - IX VY =P X, Yooy Xy Vi)
\_ /

\ /




‘_L Proof of Zermelo’s theorem

/xi: i move of 15t player \

y;: ™ move of 2" player

[ o player has winning strategy \
& =Xy, - VX Y, (2”0' player Wins)
= 3x1Vyl---3kaykﬁ(2”d player wins)
< A VY, ---3x VY, (1St player Wins)

\\@1“ player has winning strategy //




i Subtraction game

/ et n be a positive integer and \
S <{1,2,3,---n}
. There is a pile of n chips.

. A move consists of removing k
chips from the pile where ke S,

The player removes the last chip

\ wins. /




‘_L Subtraction game

-~

1. W
2. W

\

Example when n = 21 and

S ={1,2,3}

no has the winning strategy?

nat Is the winning strategy?

~

,/




‘_L Subtraction game

1

\

~

Who has the winning strategy?
ANSwer:

When n is not a multiple of 4,
the first player has a winning
strategy. Otherwise the second
player has a winning strategy.

/




‘_L Subtraction game

o

2.

\

What Is the winning strategy?
Answer:

To remove the chips so that the
remaining number of chips Is a
multiple of 4.

~

/




‘_L How to find winning strategy?

/P-position \

The previous player has a
winning strategy.

N-position
The next player has a winning

Qtrategy. /




‘_L P-position and N-position

ﬂ‘l normal play rule, the player makes the \
last move wins. In this case,

1. Every terminal position Is a P-position

2. A position which can move to a P-
position Is an N-position

3. Aposition which can only move to an
\ N-position Is a P-position J




‘_L P-position and N-position

/P: previous player has winning strateQ

N: next player has winning strategy
4 always A
PR

has a way
N >
: Pl

" /




‘_L Subtraction game

/For subtraction game with

S =1{1,2,3}

"

~




‘_L Subtraction game

/1. Every terminal position is\
a P-position

~

-
0123456738910 11...

S —/




‘_L Subtraction game

/A position which can move to a\
P-position Is an N-position

4 )

4567389 10 11...

0123
Q’NNN ﬂ




‘_L Subtraction game

/A position which can only move\
to an N-position Is a P-position

4 )

56 789 10 11 ...

01234
@NNNP j




‘_L Subtraction game

/A position which can move to a\
P-position Is an N-position




‘_L Subtraction game

/A position which can only move\
to an N-position Is a P-position




‘_L Subtraction game

/A position which can move to a\
P-position Is an N-position




‘_h Subtraction game

/Pz{0,4,8, 12, 16, 20,... } N

N = { not multiple of 4 }
4 N

@ always . N
has a way
=5




‘_L Subtraction game

/For subtraction game with

S =1{1,3,4}

"

~




‘_L Subtraction game

/1. Every terminal position is\
a P-position

~

-
0123456738910 11...

S ~/




‘_L Subtraction game

/A position which can move to a\
P-position Is an N-position

~

56 789 10 11 ...

34
N N ﬂ

2
0

]
{DN

2




‘_L Subtraction game

/A position which can only move\
to an N-position Is a P-position

~

-
0 56 789 10 11 ...

1234
QNPNN j




‘_L Subtraction game

/A position which can move to a\
P-position Is an N-position

~

-
0123456738910 11...
QNPNNNN j




‘_L Subtraction game

/A position which can only move\
to an N-position Is a P-position




‘_L Subtraction game

/A position which can move to a\
P-position Is an N-position




‘_L Subtraction game

/A position which can move to a\
P-position Is an N-position




‘_h Subtraction game

/P =10,2,7,9, 14, 16,... } O

= {k: k=0,2 (mod 7)}
N=1{1,3,4,56,8,10,11,...}

= {k: k= 1,3,4,5.6 (mod 7)}
\_ /




‘_L Proof of P-positions

/I' 0 prove that a set P Is the set of P-positioh
of a game, we need to do the following.

1. Prove that all terminal positions are in P.

2. Prove that any position in P can only
move to a position not in P.

3. Prove that any position not in P has a

\ way to move to a position in P. /




‘_L Wythoff's game

KThere are 2 piles of chips \

* On each turn, the player may either
(a) remove any positive number of chips
from one of the piles or
(b) remove the same positive number of
chips from both piles.

KThe player who removes the last chip wins. /




‘_L Wythoff's game

/P-positions: B

{(0,0), (1,2), (3,5), ?,... }

[What is the next pair?}
Na

/




‘_L Two piles take-away game

® P-position

® N-position




‘_L Terminal positions are P-positions

® P-position

® N-position




Positions which can move to P-positions

i are N-positions

000000
000000

® P-position

® N-position




Positions which can only move to
i N-positions are P-positions

000000
000000

® P-position

® N-position

6
5
4
3
20
10
o5 5/
01 2 3 4 5 6 7




Positions which can move to P-positions

i are N-positions

® P-position

® N-position

H N W Hd 01 & N
000 0 0 0O

~0—0—0 000000
NO—O0—O0 000000

©
o®




Positions which can only move to
i N-positions are P-positions

® P-position

® N-position

H N W Hd 01 & N
000 0 0 0O

~0—0—0 000000
NO—O0—O0 000000

©
o®
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Positions which can only move to

® P-position
® N-position

(0p)
S \oool@loooy
.m 0900000090~
O 90000900990
PO S S S S - -
T | O—0—0000009
m 009009009090
S 999909909000~
S = = — = —
N_/nfooooooog
N O N < M N = O
.




‘_h Wythoff's game

/‘:‘ A T 7= T S O R ﬂ\

b i
]
L
=4

|

[T

||




‘_L Wythoff sequence

-~

~

[(1,2) (3.5) (4,7) (6,10) (8,13) ... J

o

1. Every Integer appears exactly once.

2. The n-th pair is different by n. y




Wythoff sequence

j;

n| (a,,b,) [ a,/n n (a,,b,) a,/n
1 (1,2) 1 9 (14,23) 1.5555
2 (3,5) 1.5 10 (16,26) 1.6
3 (4,7) 1.333 13 (21,34) 1.6153
4 | (6,10) 1.5 34 (55,89) 1.6176
51 (8,13) 1.6 89 (144,233) 1.6179
6 | (9,15 1.5 100 (161,261) 1.61
7 | (11,18) | 1.571 | 1000 (1618,2618) 1.618
8 | (12,20) 1.5 10000 | (16180,26180) | 1.618
~~—




‘_L Fibonacci sequence and golden ratio

@, 1,2,3,5,8, 13,21, 34, 55,... T

~

Golden ratio:

»— 15 1 6180330887...

2

= -/




‘_L Wythoff's game

Mo T1lz2]3 45671
ng |1.61(3.23(4.85|6.47 [8.09|9.70 | 11.3
a | 1|3 |4 |6 ]|8]9]|1
b. | 2 | 5| 7 | 10 | 13 | 15 | 18
= %

Solution: (8,13) and (6,10)

4 )
Example: Find all winning moves from (9,13)

J




Example 1

/Find all winning moves from position (26,34). \
Solution:

1.26/1.618 = 16.06, 26/2.618 = 9.93
17 X 1.618 =~ 27450, 10 X 2.618 =~ 26.18
The 10th pair 1s (16,26). Thus (26,16) 1s a winning move.
2.34/1.618 = 21.01 ,34/2.618 =~ 12.98

21 X 1.618 =~ 3397, 13 X 2.618 =~ 34.03
The 13th pair is (21,34). Thus (21,34) is a winning move.

3.34—-26=28
8 X 1.618 = 12.94, 8 X 2.618 = 20.94

" /




Example 2

ﬁd all winning moves from position (153,289). \
Solution:

1.153/1.618 ~ 94.56, 153/2.618 ~ 58.44
95 x 1.618 ~ 153.71, 59 X 2.618 ~154.46

The 95th pair 1s (153,248). Thus (153,248) 1s a winning move.
2.289/1.618 = 178.61 , 289/2.618 =~ 110.39

179 x 1.618 =~ 289.62, 111 X 2.618 =~ 290.59
The 179th pair 1s (289,468). No winning move for this patr.

3.289 — 153 =136
136 x 1.618 ~ 220.04, 136 X 2.618 =~ 356.04

The 136th pair 1s (220,356). No winning move for this pair.
@re 1s one winning move: (153,248). /




i Wythoff's game

ﬁhe n™" pair is \
(a,.b,)=([ng} [ng]+n)

where [x] Is the largest integer not
larger than x. In other words, [x] IS
the unique integer such that

\ x —1<[x]< x /




‘_L Wythoff's game

mt IS easy the see that the n-th pair satisfieh

[bn—anzn}

-

1 1 2 2
—_— =

4 o+1 1+/5 3+\/§

~

=1

Qnd apply the Beatty’s theorem.

To prove that every positive integer appears
In the sequences exactly once, observe that

/




‘_L Beatty’s theorem

@ppose o and [ are positive
Irrational numbers such that.

\

££+£:1}
a p

Then every positive integer appears
exactly once in the sequences

~

- la], [2a] [3a] [4a] [5a] -

16} 2} 36} s} [s)-

~

)/




For any positive integer n, n = [ka] If and only If

i Proof of Beatty’s theorem

ka-1<n<

1 n
Sk-——<—<
a o

<:>k—£<{ﬂ
a |«a

Ko

K

A

where {x}= x-[x] denotes t

\_ i

1

ﬂ}gk
(04

ne fractional part of x. Since
a Is Irrational, such integer k exists if and only if

/




i Proof of Beatty’s theorem

/\/Ve obtain, If « IS a positive Irrational \
number, then n = [ka] for some
positive integer k if and only If

<£>>1—i

94 04

" /




i Proof of Beatty’s theorem

ﬁmilarly, n = [kp] for some k if and only if \

s
154 54
Now observe that

IS an integer, which implies that
n n 1 1

_ R -




‘_L Proof of Beatty’s theorem

It follows, by the irrationality of « and £ again, \
that for any positive integer n, exactly one of

1
{ﬂ} >1—— or {E} >1_£
a] o« Bl B
holds and therefore exactly one of the statements

“there exists positive integer k such that n=[ka]
or

“there exists positive integer k such that n=[kf5]”
Qolds and the proof of Beatty’s theorem is complety







‘_L Nim

/There are three piles of chips. \
On each turn , the player may

remove any number of chips
from any one of the piles.

The player who removes the last

\chip wins. /




‘_L Nim

We will use (x,y,z) to
represent the position that
there are X,y,z chips In the
three piles respectively.

"




‘_L Nim

/It IS easy to see that (x,x,0) Is at\
P-position, in other words the
previous player has a winning
strategy. By symmetry, (X,0,x)

Kand (0,x,x) are also at P-position./




‘_L Nim

/By try and error one may also A
find the following P-positions:
(1,2,3), (1,4,5), (1,6,7), (1,8,9),
(2,4,6), (2,5,7), (2,8,10), (3,4,7),

_(356). (38,11).... y




‘_L Nim

ﬁBinary expression: \
Decimal Binary Decimal Binary
1 1, 7 111,
2 10, 8 1000,
3 11, 9 1001,
4 100, 10 1010,
5 101, 11 1011,
\\\¥ 6 110, 12 1100, |/




‘_L Nim

ﬂ\lim-sum:

Sum of binary numbers without carry digit.

Examples: e T o)
1. 7@5=2 114, =1
® 101, =5
10, =2

/

\ o

N




‘_L Nim

ﬁ\lim-sum:

Sum of binary numbers without carry digit.

Examples: a 2
2. 23@®13=16 10111, =23
@ 1101, =13
11010, =26

/

\ \_

=\




‘_L Nim

ﬁroperties:

1. (Associative) x®(yDz)=(xDy)Dz
2. (Commutative) X@Yy=Yy®X

3. (ldentity) x®@0=0®x=X

4. (Inverse) x®x=0

~

Q (Cancellation law) X®@y=X®z=y=12




T*IWm

\_

~

/The position (x,y,z) IS at P-position If
and only If
XOyPz=0

/




i Nim

/P-positions:

~

decimal | (1,2,3) (1,6,7) (2,4,6) (2,5,7) (3,4,7)
001 001 010 010 011
binary 010 110 100 101 100
011 111 110 111 111

The number of 1’s 1n each column 1s

Q\/en (either O or 2).

/




i Nim
ﬁxamples: L -7 “
1. (7,5,3) 101 -

[E5P3=1+#0 ® 11, =

It I1s at N-position. Next K 1, =1 y
player may win by removing
1 chip from any pile and

wach P-positions (6,5,3), (7,4,3) or (7,5,2). /




‘_L Nim

ﬁxamples:

2. (25,21,11)
25D21D11=7+#0

It is at N-position. Next
player may win by removing
3 chips from the second pile

11001, = 25\\

10101, = 21
® 1011, =11

UL =7

@d reach P-position (25,18,11). /




‘_L Nim

ﬁxamples: - 11001, = 25\\
2.(25,21,11) 10101, = 21
5021011=7#0 o 1011, A1

It I1s at N-position. Next 111./=7
player may win by removing - // i /
3 chips from the second pile [Note: 2167=18 |

@d reach P-position (25,1841 /




