STAT 3006: Statistical Computing
Lecture 2*

15 January

2.2 Functional Iteration

When we search a maximum (or minimum) for a differentiable function h(z), we usually turn

to solving the equation %(;) =0, i.e.
dh
d(;) +x=ux. (2.1)
Let f(z) be %(;) + x, the equation (2.1) becomes
flx) == (2.2)

All z* solving equation (2.2) (f(z*) = x*) are called the fized points of f(x). Generally, our
problem is that, for a function f which may be non-differentiable, we would like to find a fized

point of f(x).

Algorithm: Fixed point finding algorithm.

Input: continuous and univariate function f, maximum number of iterations 7T,
and tolerance e; initial point z(®.

Output: z® in the last iteration.

1:t+0

2: repeat

3: let y be 2®;

4: calculate 20+ = f(y);

5 t+t+1;

6: until [z —y| <ecort>T.

*If you have any question about the note, please send an email to xyluo@link.cuhk.edu.hk
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Example: Given a positive number a, find v/a.

Solution: notice that v/a is the solution of the equation (% —z) = 0. Let f(z) = (¢ —z)+x =

1
2 T

(% + 2), we implement the algorithm above by 21 = 1(-& + (™).

Q Why don’t we take f(z) = (£ —x) +2 = 27 We have the following proposition.

Proposition 2.1. Suppose f : I — R, where I is a closed interval such that
(1) f(x) €l for V.

(2) |f(y) — f(x)] < My — x| (Lipschitz continuous) for a constant \ (Lipschitz constant) and
Ve,yel.

If A €[0,1), then
(1) f(z) has a unique fized point T € I.
(2) the sequence x, = f(x,_1) goes to To, Yy € I.
(3) |Tn — Too| < 1/\_—n/\|x1 — o).

Proof.

T — k| = | f(z) — f@r-1)]
< Naw — 1] < Napoy — 2] < .. < Moy —

ATL
1—A

m—1 m—1
Vm > n, e — 2] <Y e — o] <0 M —a| < |71 — 2ol
k=n k=n

The last inequality indicates that {z,}22; is a Cauchy sequence. In R, Cauchy sequence implies
the convergence of the sequence, so {x,}>2; converges to a point z.,. Moreover, {z,}°%, € [
and [ is closed, so x, € I. (2) is proved.

For the equation z,, = f(z,_1), let n go to infinity and notice f is continuous, so we have
Too = f(Ts). If there exists a y # zo s.t. y = f(y), then

[y — Zoo| = |f(y) — f(7c0)]
<Ay — oo
< |y — Tool-

The last inequality holds, because A € [0,1). It is contradictory that |y — zo| < |y — Too|, SO
T 18 the unique fixed point of f. We proved (1). (3) can be easily proved, so we omit it.



Example (continuing) f(z) = 2 x>0,

Flo) — ) = 1% Y =2z —Y)
Fw) = @l =12 = =17
a a
:\x—Hy— \:m—!y—ﬂf’
Yy

We need to find I = [¢,d] such that
(1) f(z) € [c,d], Yz € [c,d];
(2) &5 <1, Vaeled.

(2) implies that % < 1, so ¢ > y/a, \/a & I = [c,d]. Therefore, we do not use f(x) as the
iteration operator to find /a.

Asto f(z) = 3(%+ ), z >0,

1) = @) =156 +3) = 55+ )
35 - 2+ o)
~ s+ =)= 5 - Sy s
Consider the interval I = \/g |, vVa € I. For Vo € I, f(x) € I. Additionally, for

Ve,yel, |1 — i| < 1 , 80 f(x) is Llpschltz continuous on I. Therefore, we can use the iterated
) t

1

operation x, = = + x,_1) to approximate .
2 xn 1

For illustration, when a = 2 and zy = 1.7,

~ 2
$2:f~($1>:x0:17
€T3 = T
Ty = T9g = X
In contrast,
1,2
x1 = f(xg) = 5(1—7 +1.7) = 1.438235
1 2
Ty = f(21) = 2(m + 1.438235) = 1.414414
r3 = 1.414214 . ..

After three iterations, the result is very close to V2.



Q: How to verify f satisfies the two requirements of the proposition?

Lagrange’s Mean Value Theorem: if f is continuous on the closed interval [a, b] and differentiable
on the open interval (a,b), then there exists a point £ in (a,b) such that

Solution(a sufficient condition): first, we have to find an interval [a, ] s.t. f is continuous on
[a,b] and differentiable on (a,b), and f(z) € [a,b] when z € [a, b]. Second, by the mean value

theorem, if there exist a constant A s.t. 1 > X > sup |f/(§)|, then |f(z) — f(y)| < Az —yl.
£€(a,b)
When the two conditions hold, the corresponding f satisfies the two requirements of the

proposition.

2.3 Newton’s method

In the section, we provide another method called Newton’s method to find the maximum (or
minimum) for a function f. Assume function f(z) is twice differentiable. Let g(z) be f'(x).
In most cases, finding optimum of f(z) is equivalent to finding the solution of the equation
g(z) = 0. We will give two perspectives that motivates the Newton method.

1.(See Figure 1) Considering the equation g(z) = 0, from a starting point 2, we draw
a line that is tangent to g(z) at point (xg,g(zo)). We can regard this line as an locally
approximate curve to g(z). After some simple algebra, this line [y(z) has the expression
lo(z) = g(zo) + ¢'(x0)(x — x0). As ly(z) is approximate to g(z), the solution of [y(z) = 0
is probably close to the solution of g(xz) = 0. By solving ly(x) = 0, we get the solution
T, = To — j((fC‘;)). Repeat the procedure, and then we have the general step z,, = x,_1 — ;,((a;f:))

to find the solution of g(z) = 0.

Figure 1: Figure demonstration for the Newton’s method to solve g(z) = 0.



2. Notice that when we minimize (or maximize) a convex function f(z), the problem is equiv-

alent to finding the solution g(z) = f'(z) = 0. Plug f'(z) into x, = x,—; — ;(é’;‘_ll))? we have

Ty = Tp1 — f,l,(x”‘l) . What does that mean? (See Figure 2)when we minimize f(z), given a
T (@n_1) g g
starting point xq, the Taylor expansion of f(x) at zo (omit cubic term and terms with higher

order) is qo(z) = f(wo) + f'(x0)(x — o) + @(w — 20)?. qo(z) can be regarded as an locally
approximate curve to the function f(x). Therefore, the point that minimizes go(z) is probably

close to the point that minimized f(x). By minimizing go(z), we get the point x; =z — }c,l,((’;?))).
Repeat the procedure multiple times, we have the general step: =, = x,_1 — ]{c,l,((iz:ll)).
Figure 2: Figure demonstration for the Newton’s method to minimize f(z).
2.4 Rate of convergence
Definition 2.1. Assume {z,};°, — 2*. If 3p > 1 and a > 0 s.t. lim, % = «, then

o -
{z,}52, is p-order convergence.

e p = 1, linear convergence.
e p > 1, super-linear convergence.

e p = 2, quadratic convergence.

Theorem 2.2. if {x,}>°, super-linearly converges to T, then when T, # Too, lim, o0 % =
n oo

1.

Proof.
1i [Tn41 — n| _ 1’ — [Zn+1 — Zall = [[20 — Too|
n=00 | [Ty — Too| n—oo [Zn — Zoo|
||~Tn+1 - xoo” -0
[T — Zoo|

When a sequence is super-linear convergence, we can use ||z,+1 — Z,|| < € as a stopping rule.



For Newton’s method, let M (z) be x — 5,((”?).

) g9(@)g"(x)  g(x)g"(x)
INTES ER T P

=0

g
M'(z) =1 @

The last equation holds since g(x) = 0.

Ty — Too = M(xp_1) — M(2s)

1
= (Taylor expansion) M (2oo)(Tn_1 — Too) + = M" (2,) (1 — Too)?

2
1
= §M”(zn)(;1:n,1 — Zo0)?
It follows that
n 0o 1 1
lim B = lim —M"(z,) = =M"(2).
n—00 Hajn 1 — :EOOH2 n—oo 2 2

Therefore, Newton sequence is quadratic convergence.

Example: Given a, we need to find % Construct g(z) = a — %, then the Newton iteration is

Tpi1 = Tn(2 — axy,).

2.5 Multivariate case

So far we have talked about the application of Newton’s method to the univariate function f(x)

(or g(z)). Next, we will discuss the Newton’s method for a mapping F (e.g. F : R® — R3).

We consider the mapping ﬁ(f) from a R™ domain D to R™, where ¥ = (x1, 2, ..., z,) and
F(Z) = (/1(@), f2(T), ..., fm(Z)). Our goal is to solve the equation system F(Z) = 0.

Given current point £, we carry out Taylor expansion for f;(Z) (i = 1,...,m) at &™),
— —(n 8fz —» n n afl —» n n
Ji@) = @) 4 G @) = @) 4 g (@) (o = 2l),
The equation above holds for ¢ = 1,...,m. We put these m equations together, which become
F(Z) = F(&™) + F'(W)(& — &™), (2.3)
where the Jacobian matrix of F is
6 —=2(n 8 =(n
8_3{2@( ) .- %(I( ))
F’(fn) = : : ’
0 m ( 2(n 0 m (2N
81;1 GRS %(x( )



and

X1 — J,’gn)

Loy — x,(g)

Let the left hand side of equation (2.3) be zero. It yields that

—

ot = ) (F(2M) T F(3™).
The equation above can be decomposed to two steps:
e solve ﬁ’(:fn)Ax(”) = —ﬁ(:v(”));
o (Mt — 2(0) L Ap()

Example(calculate MLE): {(O|z1, ..., 2,) = logL(©|z, ..., z,). Under some regular conditions,
Theta solves the following equation,

ol

07 0
ol

00m, 0

By Newton’s method, we iteratively update the @ according to

2 2 -1
_8961 alel em) ... ae?ale () %(@(n))
et — g _ : . : : (2.4)
2 n 2 n 0 n
89%91(@( )) aeialem@( )) ﬁ(@( ))
Example (MLE of Poisson distribution):
n €_>\>\yi
f(y177yn|>\):H |
im1 Y
A1, ym) = > (yilog A — A —log i)
i=1
= (Q_w)logA—nA—) logy!
i=1 i=1
ﬂ _ 2?21 Yi
dA A

e MLE direct derivation: \ = #

Aﬁ ( D1 Yi

e Newton’s method to solve: A\pi1 = A\ + s (5
1=1 J

—n).

Example (Poisson regression):
We have independent count data {y1,...,y,}. For each Y;, Y; follows Poi();), where log(\;) =



a+ Px;, a and [ are parameters and z; is the fixed covariate. The p.d.f (probability density

function) of y; is f(y;|a, B, ;) = e

f(yr, ya, -

l(&,ﬁ) = logf(y17y27 .

_elatpBz;) (eo“"ﬁzi Yi

. )" Tt follows that the joint p.d.f. is

Ynla, B) = ﬁe—e“‘%wi) (exties)ui
cydn 9 -

|
i=1 Yi:

n

- Y|, B) = Z[_eawxi + yi(a + Bxi) — logy!]

i=1

ﬂ:_n a+5£i+n .

ﬁ:_n .0¢+5$i_|_n 2
35 ;xe ;wy

0%l “
_ a+pBz;
W__Ze :

=1

R .
9adB _;xie

82[ - 2 a+px;
8_ﬁ2 = — ine .
=1

The Newton step is

n
Br+1 B — >0 wer BT

—1
ag+PBrTi

_\ " 2 jap+Brwi
D i Tie ‘

_ Z?:l xieak+/8k1‘i ) ( _ Z?:l Ok +BrTi + Z?:l n

n ok BT n Ty
ZZ‘:1 Tie P+ Zi:1 TiYi
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